INTERNATIONAL JOURNAL OF COMPUTING SCIENCE AND APPLIED MATHEMATICS, VOL. 3, NO. 2, AUGUST 2017 65

Birkhoff Center of an Almost Distributive Fuzzy
Lattice

Berhanu Assaye Alaba and Gerima Tefera Dejen

Abstract—The concept of Birkhoff center B4(R) of an Al-
most distributive fuzzy lattice (R,A) with maximal element is
introduced. We also prove that B4 (R) is relatively complemented
ADFL and product of ADFL is a gain ADFL.

Index Terms—Almost distributive fuzzy lattice, almost dis-
tributive lattice, Birkhoff center of an almost distributive fuzzy
lattice, Birkhoff center of an almost distributive lattice, fuzzy
poset, relatively complemented ADFL.

I. INTRODUCTION

HE concept of an Almost distributive lattice was intro-

duced by U.M. Swamy and G.C. Rao in [1]. In [2], U.M.
Swamy, G.C. Rao, R.V.G. Ravi Kummar and Ch. Pragathi have
extended the above concept for a general partial ordered set P
and prove that B(P) is relatively complemented distributive
lattice in which the operations are least upper bound and
greatest lower bound in P (provided that B(P) is non-empty
in Birkhoff center of an ADL).

The concept of Birkhoff center B(R) of an ADL with maxi-
mal elements was introduced by U.M. Swamy and S. Ramesh
in [3] and prove that B(R) is a relatively complemented
Almost distributive lattice. The concept of a fuzzy set was
first introduced by Zadeh in [4], and this concept was adapted
by Goguen in [5] and Sanchez in [6] to define and study fuzzy
relations. Yuan and Wu in [7] introduced the concepts of fuzzy
lattices and fuzzy ideal of a lattice. As a continuation of these
studies, we define fuzzy relation, fuzzy poset and fuzzy lattice
which enables us to define Birkhoff center of Almost dis-
tributive fuzzy lattice. In this paper, we introduce the concept
of the Birkhoff center B4(R) of an Almost distriutive fuzzy
lattice (ADFL) with maximal elements and prove that B4 (R)
is a relatively complemented Almost distributive fuzzy lattice.
Mainly we obtain the equivalency of the Birkhoff center in
ADL to the the Birkhoff center of ADFL with the property
of Almost distributive lattice and Fuzzy partial order relation.
Throughout this paper we consider only ADF L which contain
at least one maximal element. (R,A) denotes an ADFL. An
ADL (R,V,A,0) represented by R and x € (R,A) < x €R.

II. PRELIMINARIES

Definition 1 ([8]): An algebra (R,V,A,0) of type (2,2,0) is
said to be an Almost distributive lattice(ADL) if it satisfies the
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following conditions:

(H)avOo=a.
2)0Nna=0.
3) (avb)Ac=(aNc)V(bAc).

4) an(dVec)=(aAnb)V(aNc).

(5) av(bAc)=(aVb)A(aVc).

6) (avb)Ab=b, Va,b,c € R.

The element O is called as usual the zero element of R. |
Definition 2 ([8]): Let X be a non-empty set. Fix x, € X.

For any x,y € X,

X,, ifx=x,
XNy = .
y, ifxFx,
and
y, ifx=x,
xVy= .
x, ifx#x,

Then (X, V,A,x,) is an ADL with x, as its zero element. This

ADL is called a discrete ADL. |
Example 3: Every distributive lattice with zero is an ADL.

For any a, b in an ADL R, we say that a is less than or equal

to b and write a < b, if a Ab = a. Then < is a partial ordering

on R. |
Lemma 4 ([8]): For any a,b € R, we have

() an0=0and OVa=a.

2)aNna=a=aVa.

(3) (anb)Vb=b,aV (bNa)=a and aA(aVb)=a.

@) anb=bsaVb=a.

S)anb=a<saVb=h.

6)anb<band a<aVb.

(7) aAb=bAa, whenever a < b.

8)aVv(bVa)=aVb. [ |
Theorem 5 ([8]): For any a,b € R,the following are equiv-

alent to each other:

() (anb)Va=a.

(2) an(bVa)=a.

3) (bAa)Vb=D.

4) bA(aVb)=h.

B)anb=>bAa.

(6) avb=bVa.

(7) The supremum of a and b exists and equal to aV b.

(8) There exists x € R such that a < x and b < x.

(9) The infimum of a and b exists and equal to a A b. |
Theorem 6 ([8]): For any a,b € R we have

(1) (avb)Ac=(bVa)Ac.

(2) A is associative in R.

B)anbAc=bANaAc. |
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From the above theorem, it follows that for any x € R
the set {aAx|a € R} forms a bounded distributive lattice. In
particular, we have ((aAb)Vc)Ax= ((aVec)A(bVc))Ax,
for all a,b,c,x € R.

An element m € R is said to be maximal if m < x implies
m=x.

Lemma 7: Let R be an ADL with 0, and m € R. Then the
following are equivalent:

(1) m is a maximal element with respect to the partial ordering
wg

(2) mVx=m, for all x € R.

(3) mAx=ux, for all x € R. [ |

Definition 8 ([8]): A non-empty subset I of R is said to be
an ideal of R if it satisfies the following conditions:
DHabel=aVvbel.
2)ael, xeR=aAxel [ |

Theorem 9 ([8]): The following are equivalent for any ADL
R:

(1) R is relatively complemented.
(2) Given x,y € R, there exists a € R such that xAa =0 and
xVa=xVy.

(3) For any x € R, the interval [0,x] is complemented. [ ]
Theorem 10 ([8]): A relatively complemented ADL R is
associative. [ |

Definition 11 ([8]): An ADL (R,V,A) is said to be rela-
tively complemented if every interval [a,b], a < b in R is a
complemented lattice. ]

Definition 12 ([9]): Let X be a non- empty set, a function
A:X xX —[0,1] is said to be fuzzy partial order relation if
it satisfies the following conditions:

(1) A(x,x) =1, ¥x € X that is A is reflexive.

(2) A(x,y) >0, and A(y,x) > 0 implies that x =y. That is A
is antisymmetric.

(3) A(x,z) > supyexmin|A(x,y),A(y,z)] > 0. That is A is
transitive.

If A is a fuzzy partial order relation in a set X, then (X,A) is
called a fuzzy partial order relation or fuzzy poset. ]

Definition 13 ([9]): Let (X,A) be a fuzzy poset. Then (X,A)
is a fuzzy lattice if and only if xVy, and x Ay exists for all
x,y€X. |

Definition 14 ([9]): Let (X,A) be a fuzzy lattice.Then (X,A)
is distributive if and only if xA (yVz) = (xAy)V (xAz),and

(xVy)A(xVz)=xV (yAz).forall,x,y,z € X. [ |
Definition 15 ([3]): Given an ADL R
with maximal element. Define B(R) =

{a € RlaNnb =0,andaV b is maximal for some b € R}.

Then B(R) is called the Brikhoff center of R. Let aAb =0,

aV b is maximal .Then bAa =0, and bV a is maximal, in

this case a and b are called complements to each other. H
Theorem 16: For any a € R,a € B(R) if and only if there

exist two sub ADL; R, and R, of R with maximal elements

and an isomorphism f: R — R X R, such that f(a) = (m,0),

where my is a maximal element in R;. [ |
Definition 17 ([10]): Let (R,V,A,0) be an algebra of type

(2,2,0) and we call (R,A) is an Almost Distributive Fuzzy

Lattice(ADFL) if the following conditions satisfied:

(F1) A(a,av0)=A(aV0,a) = 1.

(F,) A(0,0Na) =A(0Aa,0)=1.

)
2
*
<
=
>
o
=
>
&
<
=
>
NS
|
=
)
>
&
<
5
>
L
B
<

(
)
(av(bAc),(avb)A(aVe))=A((aVD)A(aVc),aV
)
(

—~
Nl
2
I
—_

1.
(aVD)Ab,b) =A(b,(aVb)Ab) =1, for all a,b,c €R.

III. BIRKHOFF CENTER OF ALMOST DISTRIBUTIVE Fuzzy
LATTICE

Definition 18: Let (R,A) be an ADFL. Then an element m
of (R,A) is a maximal element of (R,A) if, for any x € R,
A(m,x) > 0 implies A(x,m) > 0. [ |

Proposition 19: Let (R,A) be an ADFL.Then an element m
of R is a maximal element of (R,A) if and only if A(mVx,m) >
0,for all x € R. [ |

Proof: Assume m € R be a maximal element.Then there
exist x € R such that m <mVx, for all x € R. Then A(m,mV
x) > 0. Now, A(mVx,m)=A(mV (mAx),m)=A(m,m)=1>
0, for all x € R. Hence A(mV x,m) > 0. Conversely, Suppose
A(mVx,m) >0, forall xeR, and m € R, Since m <mV x.
So that we get A(m,mV x) > 0. Hence mVx = m by anti
symmetric property of A. Therefore, m is maximal element
in R. ]

Definition 20: Let (R,A) be an ADFL with maximal ele-
ment. Define B4(R) = {a € R|A(aAD,0) >0 and A((aV D)V
x,aVb) >0 for some b € R, for all x € R}. Then B4(R) is
called the Birkhoff center of (R,A). [ |

Lemma 21: If A(aAb,0) >0, and A((aVb)Vx,aVb) >0,
for all x € R, then A(bAa,0) >0 and A((bVa)Vx,bVa)>0,
for all x € R. u

Proof: Assume the first condition holds. Let a € B4(R).
Then there exist » € R and A(bAa,0)
=A((bAa)A(aVDb),0)
=A([(bAa)Na]V[(bAa)AD],0)

=A((bAa)V(an(bAD),0), since bAb=b,and bAaAb=aANbANb=

A([(bAa)Va]N[(bAa)Vb],0)
= A(aN[(bNa)VDb],0)
A([an(bAa)|V (anb),0)
A([(anb) Na]Vo,0)
A([0Aa]Vv0,0)
=A(0,0)=1>0.
Hence A(bAa,0) > 0.
Assume A((aVb)Vx,aVb) >0, for all x €R
A((bVa)Vx,bVa)=A([bV (aN(aVD)|Vx,[bV(aN(aVD)])
=A([(bVa)A(bV (aVDb))|Vx,(bVa)A(bV(aVb)))
=A([(bVa)A(aVvD)|Vx,(bVa)A(aVb))
=A([(bVa)na)V ((bVa)Ab)Vx,((bVa)Aa)V ((bVa)A
b)) by Lemma 4 and Theorem 5 and Proposition 19
=A([aVb]Vx,aVvb)>0
Hence A((bVa)Vx,bVa)>0 forall xeR. |
Example 22: Let X = {{0,a}|a € X} with zero element 0
and a # 0. Define V and A by the following table.

V|0]|a AlO]| a
0O|O|laljand| O | O | O
alala a |0 a
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then (X,V,A,0) is an ADL which is a discrete ADL. Since
every non-zero element is maximal. a is maximal element.
ONa=aN0=0 and a =aVO0 is maximal element of X.
Implies that a € B(X). Let A: X x X — [0, 1] be a fuzzy partial
order relation defined by A(0,0) =A(a,a) =1 and A(0,a) =0,
A(a,0) =0.3. Then (X,A) is a fuzzy poset. A(0,0Aa) =A(0OA
a,0)=1,and A((0Va)Va,0Va) =A(aVa,a) =A(a,a) =1>
0,since 0Va=a,and aVa=a . Hence a € By(R). [ |

Definition 23: Let (R,A) be an ADFL and R; be an ideal
of R.Then (Ry,A) is an ideal of (R,A).
(1) If aeRbeR; and Al(a,b) >0, then a € (R17A1).
(2) If a,b € Ry, then Cl\/bE(Rl,Al) |

Definition 24: Let (R,A) be an ADFL. Then a non-empty
subset K of an ADFL is said to be a sub- ADFL of (R,A) if

K is closed under induced operation of (R,A). [ |
Lemma 25: Let (R,A) be an ADFL and R; be an ideal of
R.Then (Ry,A) is a sub- ADFL of (R,A). |

Proof: Let (R1,A}) be an ideal of (R,A), where R is an

ideal of R.Then
(1) Ifa€R,beR; and A (a,b) > 0, then a € Ry by definition
of ideal of (R,A). Again if a € R,c € Ry and A (a,c) > 0,then
a € Ry. Now, Aj(a,b) >0 and A(a,c) >0 =Ai(a,bNc)>0.
=A1(bAc,c) >0bAcER|. =bAceE (R,A)).
(2) If a,b € Ry ,then aVb €Ry. = aVbe (R,A;). Hence
(R1,A}) is a sub- ADFL of (R,A). [ |

Definition 26: Let (R;,A;) and (R,A;) be two ADFL;.
Then the following point wise operations holds for any (a,c) €
R X Ry and (b7d> € Ry X R;.

(1) (A1 xAz)((a,c) A (b,d),(anb,cNd)) = (A} XAz ((aAb,c A

d),(a,c) \(b,d)) =
(2) (A1 x A2)((a,c)V (b,d), (aVb,cVd)) = (A x Ax((aVb,cV
d),(a,c)V (b,d)) = 1. n

Definition 27: Let (R;,A;) and (Rz,A;) be two ADFL;.
Then (A; X Az)((a,b),(c,d)) = min{A;(a,c),A2(b,d)}. |

Definition 28: Let (R;,A;) and (R;,A;) be two ADFL.
Then a mapping f: (R;,A1) — (Ra,Az) is said to be a fuzzy
latice homomorphism. If it satisfy the following condition for
any x,y,0 € Ry:
(1) As(F(xAY), F() A ) = Aa(F(0) A F), fEAY)) = 1.
(2) A2(f(xVy), f() V F(¥) = Aa(f(X) V f(¥), f(xVy)) = L.
(3) A2(£(0),0) > 0. u

Lemma 29: Let (R1,A;) and (R2,Az) be two ADFLg, and

f:(R1,A1) = (R2,Az) be any mapping. Then f(x) = f(y) &
Ao (f(x), f(y)) =A2(f(),f(x)) =1, forany x,y€R;. W

Proof: Assume f(x) = f(y),for all x,y € Rj. Now
A (f(x),f(y)) = Aa(f(x),f(x)) = 1, since f(x) = f(y).

Similarly Ay(f(y),f(x)) = 1. Hence Ax(f(x),f(y)) =
( (y),f(x)) = 1. Conversely, suppose Ax(f(x),f(y)) =
(f), f(x)) =1, for all x,y € R
=>A2( (X)vf(y))—1>0
= Az2(f(x), f(y) >

Similarly — Ax(f(y ) f(x)) > 0. Therefore f(x) =
f(y).for any x,y € Ry, by anti symmetry property of Aj.
| |

Definition 30: If (Ry,A;), and (R,A;) are ADFL; with
maximal elements m; and mp respectively. Then (R; X
Ry,A; x Ay) has maximal element (mj,m;) if and only

if Al(ml,x) >0 = Al(x,ml) > 0 and Az(mz,y) >0 =

Az (y,mp) > 0 for all x € Ry and for all y € R;. [ |
Lemma 31: Let (R1,A1) and (Ry,A;) be two ADFL;.Then
(R1 X Rp,A| X Ap) is an ADFL. [ |

Proof: Let (a,b) € Ry X Ry and (0,0) € R; X R,.
(1) (A1 x A2)((a,b) v (0,0),(a,b)) = (A; x A2)((aV 0,bV
0), (a;b))
=min{A(aV0,a),A2(bV0,b)} = min{A(a,a),A>(b,b)}
=min{l,1} =1
Hence (A1 x Az)((a,b) V (0,0),(a,b)) = 1. Similarly (A; x
Az)((a,b),(a,b) v (0,0)) = 1. We have (A; x A2)((a,b) vV

(0,0),(a,b)) = (A} x A2)((a,b),(a,b) Vv (0,0)) = 1.
(§§ (Al XAZ)((())O)7 (070)/\(a7b)) = (Al XA2((Ov0)a (0/\61,0/\
b

=min{A; (0,0 Aa),A2(0,0 Ab)}= min{A(0,0),A2(0,0)}
=min{l,1} = 1.
Hence (A; X A2)((0,0),(0,0) A (a,b)) =1
Similarly (A; x A2)((a,b) A(0,0),(0,0)) = 1. Therefore (A; x
A2)((0’0)’ (O’O)A(avb)) = (Al XAQ)((avb) A (070)7 (070)) =
(3) Let a,b,c € Ry and d,e,h € Ry. Then (A} x Az)((a N (bV
¢),dN(eVh)),((anb)V(anc),(dNe)V (dAh)))
=min{Aj(aA(bVc),(anb)V(aAc)),
Ar(dN(eVh),(dNe)V(dAh)))}
=min{A;(aA(bVc),an(bVc)),
Asy(dN(eVh),dN(eVh))} by LDA.
=min{l,1} = 1.
Hence (A] xAz)((aN(bVe),dA(eVh)),((aAb)V (aNc),(dN
e)V (dAh)))=1. Similarly (A; x A2)((((aAb)V (aAc),(dA
e)V(dNh)),(an(bVc),dN(eVh))) =1 We have (A x
Ay)((an(bVe),dN(eVh),((anb)V(anc),(dNe)V (dA
h))) = (A1 xA2)(((aAb)V (aNc),(dNe)V (dANh)),(aN(bV
¢),dN(eVh)))=1.In the same manner the remaining property
holds. Thus (R; X Ry,A| X Ap) is an ADFL. [ |
Theorem 32: For any x € R,x € B4(R) if and only if there
exist two sub —ADFL,(Ry,A}), and (Ry,A) with maximal
elements and an isomorphism f : (R,A) — (R} X Ry,A| X A3)
such that (A; X A2)(f(x),(a,0)) = (A1 xA2)((a,0), f(x)) =1,
where « is the maximal element of (R,A;).

Proof: Let (R,A) be an ADFL. Suppose
a € Bs(R) and a € RThen there exist d,b € R
such that (A} x A2)((a A b,a A d),(0,0)) > 0 and
(A1 x A2)((aV b) Vx,(aVvd)Vy),(aV baVvd) > 0.
Define f : (R,A) — (Rl X Ry,A1 X A2) by (Al X
A))(f(x),(aAx,bAX)) = (A1 x A2)((a Ax,b AX), f(x)) =

) =
Ay,bAY))

Let x,y € R. Then
(A] XAQ
=min{A,
(bAX)A
=min{A,
by LDA.
=min{l,1} = 1.
Hence (A; X A2)(f(x Ay),f(x) A f(y)) = 1. Similarly
(A % A2) (F(R) A F(3), F(xAY)) = 1. We have (A} x A2)(f(xrA
W) A LO) = (A % A)(F() A FO) S AY) = 1.
(41 % A2)(FxV ), £ )V )

= (A xA2)((aN(xVy),bA(xVY)), (aAx,bAx)V

=(A1 xA2)((an (xVy),bA(xVy)),((aAx)
(bAy)

(A1 x A2)(f(x A y), f(x) A
((an(xNAy),bA(xAY)), ((aAx,bAX) A (a
an(xAy),(anx)A(any)),Ax(bA(xAy),
bAy))}
aN(xAy),an(xAy)),Aa(bA(xAY),DA(xAy))}

/—\/\/-\\/

(@ny,bAy))
V(any),(bAx)V
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= min{A(aN (xVy),(aAx)V (bAY)),
Az (bA(xVy), (bAX)V (bAY))}
=min{A;(aA(xVy),an(xVy)),As(bA(xVy),bA(xVy))}

=min{l,1} = 1.
Hence (A; x A2)(f(x V y),f(x) VvV f(y) = Similarly,
(A1 x A2)(f(x) V f(v), f(xVy)) = 1. Hence (Ay x A2)(f(xV
V£ V) = (A X A)(F() V FO)FV ) = 1.
(A1 x A42)(f(0),(0,0)) = (A1 x Az)((a A 0,6 A 0),(0,0)),
since f(0) = (aN0,bA0).
=min{A1(aN0,0),A2(bA0,0)} =
since aNn0=0, bA0=0.
=min{l,1} =1>0.
Hence (A1 x A2)(f(0),(0,0)) > 0. Thus, f is a
fuzzy lattice homomorphism. Let x,y € R and
(A % A2)((2), £(3)) = (A1 x A2)(£(3), £(x)) = 1. Then, (A x
A2)(x,y) = (A1 xAz2)((@aV b) Ax,y),since aV b is maximal

= (A xA2)((anx)V (bAX),y)

= (A1 xA2)((aAy)V (bAY),y), replace x by y

= (A1 xA2)((aVb)Ay,y)

= (A1 xA2)(y,y) =1 > 0, since aVb is maximal, so that
we get (A; X A2)(x,y) > 0. Similarly, (A; x A2)(y,x) > 0.
Hence x =y by antisymmetry property of A; X A;. Therefore
f is monomorphism. Let (R,A) be an ADFL. Suppose
(anx,bAy) € Ry X Ry. Write w = (aAx)V (bAYy). Now,
A1 X Ay)(f(w), (aAx,bAY))
(A1 xA2)((aAw,bAw), (aNx,DAY))
(41 x A2)(((an [(@Ax)V (BAW]BA[@nx) v
bAY))
(A1 xA2)(((an(anx))V
bAy))),(anx,bny))
=(A; X A2)(((aAx)V
W), (@AxbAY))
= (A1 x A)(((aAx)VO0V (bAY),(aAxbAy)),
since aAb=0and bAa=0.
=(A1 xA2)((aAx,bAY),(aNx,DNY))
=min{A1(aAx,a Ax),A2(bAy,bAy)} =min{l,1} = 1.

min{A1(0,0),A2(0,0)},

(bAY)]), (an

(an(bAy)),(bA(anx))V

o=

(bA

—~

((anb)Ay)),(bAa) Ax))V ((bAD) A

Hence (A1 x A2)(f(w),(a A x,b A'y)) > 0. Simi-
larly, (A7 x A)((a A x,b A y),f(w)) > 0 Hence
Fw) = (anx,bANy) & (A1 X A)(f(w),(a Ax,b NY)) =

(A1 x A2)((a A x,b AN y),f(w)) = 1 by antisymmetric
property of A; X Ay. Hence f is epimorphism. Therefore,
f is an isomorphism. Conversely, Suppose the map
f:(R,A) = (R X Ry,A; X A) be an isomorphism defined
by (A1 xA2)(f(x),(a,0)) = (A1 xA2)((a,0), f(x)) =1,x ER,
where a is the maximal element of (Ry,A).
Choose a maximal element 5 in (R2,A2) such that
(A1 % 42)(f(7),(0.5)) = (A1 x A2)((0,5), f(3)) = 1 for y € R.
Now, (A1 x A2) (f(rA¥), (0,0)) = (A1 xA2) (F(x) A £(3), (0,0))

= (A1 x A2)((a,0) A (0,),(0,0)) = (A1 x Az)(a A 0,0 A

b)7 (0,0))

=min{A;(0,0),A2(0,0)} = min{1,1} = 1
since aN0=0,0Ab=0
= (A1 % A2) (f(xAY), £(0)) > 0, since £(0) = (0,0).

Similarly, (A} x A2)(f(0), f(xAy)) >0

= f(xAy) = f(0) by antisymmetry property of A x A,.

= x Ay =0, since f is one- to- one

= A1(xAy,0) >0, and A>(xAy,0) > 0.

Let (a,b) be a maximal element of (R; X Ry,A; X Aj).

Then (A1 x A)(f(x V y),(a,0))=(A1 x A))(f(x) V
f),(a,b)) since f is fuzzy lattice homomorphism.

=(A1 X A2)((a,0) V (0,b),(a,b)) = (A1 x A2)((a vV 0,0 V
b).(a,b))

=min{A1(aVv0,0).A2(0V b,0)} = min{A;(0,0),A2(0,0)}
=min{l,1} =1>0,

Hence (A x Ap)(f(x V y),(a,b)) > 0. Similarly,
(A1 x A2)((a,b),f(x V' ¥)) > 0. So that we have
f(xVy)=(a,b). Hence, f(xVy) is maximal, since (a,b) is
maximal. So that we have xVy is the maximal elements of
(R,A), since f is on to. Therefore, x € B4(R). [ |

Definition 33: Let (R,A) be an ADFL. For a,b € R with
A(a,b) >0 and x € [a,b]. Then y is a relative complement of
x in [a,b] if and only if A(xAy,a) >0 and A(b,xVy) >0,
where a is the least element and b is the greatest element. W

Definition 34: An ADFL (R,A) is said to be relatively
complemented ADFL if ([a,b],A) is a complemented fuzzy
lattice for any a,b € R with A(a,b) > 0. [ ]

Theorem 35: Let (R,A) be an ADFL. Then Bs(R) is a
relatively complemented ADFL under induced operations of
(R,A). [ |

Proof: Let (R,A) be an ADFL. For 0 € R, there exist a € R
such that A(0Aa,0) =A(0,0)=1>0 since 0Aa=0inR
and A((aV0)Va,av0)=A(aV0,avV0)=1>0. since aV0
is maximal. Hence O € B4(R), so that we have B4(R) is a
non-empty subset of (R,A).

Let aj,ap € B((R,A)) and let by,bp € (R,A) be a
complement of a; and a; respectively. Then, A(a; Aby,0) >0,
and A((a; Vb1)Vx,ai Vb)) >0 forx€R . A(ap Aby,0) >0,
and A((ap V bp) V y,an V by) > Ofor y € R Now,
A((a1 /\az) A (b1 \/bz),O)
=A([(a1 /\az) /\bl] \Y [(a1 /\az) /\bz},())

:A([(al /\bl) /\az] V [a1 A\ (a2 /\bz)},O)

since (a1 /\az) Aby = (a1 /\bl) Aay, and

(al /\(12) ANby =a; N\ (az /\bz)

=A((0Aaz)V (a1 A0),0), since a; Aby =0, and ay Aby = 0.
=A(0,0) =1 > 0.

Hence A((a1 A a2) A (b1 V b2),0) > 0. Similarly,
A(O, (a1 /\az) A (b] \/hz)) > 0. We get (a1 /\az) AN (b1 \/bz) =0
by antisymmetry property of A. Again for any x € R, then
A([(al ANax)V (b1 Vb)) Ax,x)

A([((a1 Aaz) Vb))V ba] Ax,x)

A([((a1 Vb1) A(az VvV by) V by] Ax,x) by Theorem 10

A([(a2 Vb1) Vby] Ax,x), since a; Vb is maximal

[(az Vb1)Vbs] Ax,x)
A((by V ap) A x,x),
b2 V ay is also maximal.
=A(x,x)=1>0.
Hence A([(a1 A az2) V (b1 V b2)] Ax,x) > 0 . Similarly,
A(x,[(a1 A az) V (b1 V b2)] Ax) > 0. So that we have
[(a1 Aa2)V (b1 Vb2)] Ax) =x and hence (a; Aaz)V (b Vby) is
maximal. Therefore, a; Aa, € B4(R). To show a; Vay € Bo(R).
Let (R,A) be an ADFL. Then A((b; Ab2) A (a1 Vaz),0)
—A([(bl /\bz) /\a1] V [(bl /\bz) /\ag},o)

=A<(b1 /\al) AbyV (b1 /\bg) /\a2>70>

/-\/\/\/\

since ap V by is maximal. We have

=A((by N a N b)) VvV (b A (bz A (12),0),
since by Aa; =0 and bp Aa, =0
=A((0Ab2) V (b1 A0),0) =A(0V0,0) =A(0,0)=1>0
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We get A((b1 AN bz) AN (a1 \Y 612),0) > 0.
A(O7 (bl /\bz) VAN (a1 \/az)) > 0. Hence (bl /\bz) A
by antisymmetry property of A. For
RA((b1 Ab2)V (a1 Va2)] Ay.y)

=A([(a1 Va2) V (b1 Ab2)] Ay,y) by theorem 10.
=A([((a; Vaa) Vb1)A((a; Vaz) Vby)] Ay,y) LDV and theorem
10.

=A([(brvar) Va) A(arV (a2 Vb)) Ay, y)

=A([(b1 V a1) A (ap V by] Ay,y), since by Vaj,a, Vb, are
maximals.

=A(y,y) =1>0.

Hence A([(b1 A bz) (a1 V a2)] A y,y) > 0. Similarly,
A, [(b1 A b)) V (a1 V a2)] Ay) > 0. Therefore,
[(b] N bz) V ((11 \Y az)] Ay = y. Thus, (b] A bz) V (al V az)
is maximal. So that by A b, is a complement of a; V ap
and a; Vay € B(L). Therefore B4(R) is an ADFL under
induced operations of (R,A). Let (R,A) be an ADFL,
and let a,b € Bs(R), then there exist ¢,d € R such that
A(aNec,0)>0,and A(bAd,0) >0,and A((aVc)Vx,aVe) >0
and A((bVd)Vx,bVd) >0, forallxeR asaVec, bVd are
maximals. Now,A((c Ab) A (aVd),0)
=A(((cAb)Na)V ((c ANb) Ad),0)

Similarly,
(a1 V az) =0
any y €

=A((c ANa ADb)V (¢c Nb Ad),0), A is associative,
aNc=cNa=0and bAd=0

=A((0AD)V (¢ N0),0)

=A(0,0)=1>0.

Hence A((c A b) A (a V d),0) > 0. Similarly,
A(0,(cAb)A(aVd)) > 0. Therefore, (cAD)A(aVd)=0 by
antisymmetry property of A. For any y € R,and (R,A) be an
ADFL. A([(cAb)V (aVd)|Ay,y)

“A([(aVd)V (€ AB)] A )

]

“A(((@Vd) Vo) A ((@Vd) VB Ayy)
=A([((cva)Vd)A((aV (dVb)]Ay,y), since / is associative
by Theorem 6.
“A((cVa) A (d Vb)) A)
=A(y,y) =1>0, since aVc, and bV d are maximal.
Hence A([(c A D) V (a vV d)] A y,y) > 0. Simi-
larly, A(y,[(c A D) V (a V d)] Ay) > 0. Therefore,
[(cAb)V(aVd)] ANy =y by antisymmetry property of
A. (¢ Ab)V (aVd) is maximal. Hence ¢ Ab € B4(R). Now,
A(aN(cAb),0) =A((aNc)ND,0), since/\ is associative:
=A(0AD,0) =A(0,0) =1>0
We have A(aA(cADb),0) > 0. Similarly, A(0,aA (cAD)) >0
Therefore, a A (c Ab) =0 by antisymmetry property of A.
A(aV(cAb),avb)=A((aVc)A(aVb),aVD)
=A(aVb,avb)=1>0
Hence A(aV (¢Ab),aVb) > 0. Similarly, A(aVb,aV (cAb)) >
0. Therefore, aV (c Ab) = a Vb by antisymmetry property of
A. Therefore, B((R,A)) is relatively complemented ADFL. B

Theorem 36: Let (R,A) be an ADFL.Then B(R) is a
Birkhoff center of an ADL R if and only if B4 (R) is a Birkhoff
center of an ADFL (R A). [ |

Proof: Assume B(R) be a Birkhoff center R and let a €

B(R). Then, there exist b € R such that aAb =0, and aV b is
maximal. Let (R,A) be an ADFL. A(aAb,0) =A(aA(0VD),0)
=A((an0)V (aAD),0),since aAb=0
= A(0V0,0) = A(0,0) = 1.
= A(aAb,0) >0

A(avb)Vx,avb)=A((aVvb)V ((aVb)Ax),aVb)

=A(aVb,aVvb)=1>0 since aVb is maximal.

We get A(a A b,0) > 0 and A((aV b) V x,aV b) >

O.for all x € R.

Therefore, B4(R) is a Birkhoff center of an ADFL (R,A).

Conversely, assume for a € B4(R). Then there exist b € R such

that A(aAb,0) >0 and A((aV b)Vx,aVb) >0, for all x €R.

Since O is least element , we have 0 < aAb, a,b €R

= A(anb,0) >0 and A(0,anb) >0

= aAb =0 by antisymmetry property of A , and a < (aVb)V

x,b<(aVb)Vx=aVb<(aVb)Vx. Hence A(aVb,(aVb)V

x) > 0.We have (aVb)Vx=aVb. Therefore, aV b is maximal.

Hence a € B(R). ]
Theorem 37: Let (R,A) be an ADFL.Then (R,A) is rela-

tively complemented if and only if B4(R) = (R,A).

Proof: Suppose (R,A) is a relatively complemented
ADFL. Let x € R such that A(xVm,m) = 1. Then mVx=m
is maximal in (R,A) implies that A(x,m) > 0. Since (R,A)
is relatively complemented, there exists y € R such that
A(xAy,0)=A(0,xAy) =1 and A((xVy)Vm,xVy) >0, and
x<(xVy)Vm, y < (xVy)Vm
=xVy<(xVy)Vm.

Hence A(xVy,(xVy)Vm) >0. We get (xVy)Vm=xVy
by antisymmetry property of A. So that xVy is maximal.
Therefore, x € B4(R) implies that (R,A) C B4(R). Clearly
Ba(R) C (R,A). Thus, B4(R) = (R,A). The converse follows
by Theorem 35. [ ]

Theorem 38: Let (R;,A) and (R,,A) be ADFL,. Then
B, x4, (R1 X Ry) = Ba, (R1) X Ba, (R2).

Proof: Let (Rl X Rp,A; X Az)) be an ADFL
and (a,¢) € Ba,xa,(R1 X Rz). Then there exist
(b,d) € Ry X Ry such that (A X Az)((a,c) A (b,d),(0,0)) >0,
by definition of Birkhoff center in ADFL.
< (A; xA2)((aAb,cNd),(0,0)) >0
Hence (A} X Ap)((a A b,c A d),(0,0)) > 0. Similarly,
(A1 x A2)((0,0),(a A byc AN d)) > 0. We have
(anb,cANd) = (0,0).
=aAb=0and cAd=0
= Ai(a A b,0) > 0 , Axc ANdO0 > 0 and
(A1 x A2)(((a,c) V (b,d)) V (x,¥),(a,c) V (b,d)) > 0, for
(x,¥) €ER| X Ry.
< (A xA2)(((avb)Vax,(cvd)Vy),(aVbecVvd)) >0 for
(x,y) ERI XR;y .

Hence (Al x Ay)(((aVb)Vx,(cVd)Vy),(aVb,cVd))>D0.
Similarly, (A; x A2)((aV b,cVd),((aVb)Vx,(cVd)Vy) >0
implies that ((aVb)Vx,(cVd)Vy)=(aVb,cVd).
=(aVb)Vx=aVband (cVd)Vy=cVd.

So that we get a Vb is maximal in (R;,A;) and ¢V d is
maximal in (Rp,A3).

=ac BAI (Rl) and c € BAZ (Rz).

= (a,c) S BAl(RI) X BAZ (RQ). Therefore, BA]XAZ(R] XRQ) -
By, (R1) X Ba,y (Ra2).

Conversely, suppose (a,c¢) € Ba,(R1) x B4, (R2). It implies
that a € B4, (R1) and ¢ € Ba,(R>), then there exist b € Ry and
d € R, such that Aj(aAb,0) >0 and A(cAd,0) > 0. Again
Ai((avb)Vx,avb) >0 and Ay((cVd)Vy,cVd)>0. Since
a<(avb)Vxb<(aVb)Vx
=aVb<(aVb)Vux.
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Hence Aj(aV b,(aVb)Vx)>0. So that we get (aVb)Vx=
aV b. This implies that a VvV b is the maximal element in
(R1,Ay).

c<(cVvd)Vyd<(cVd)Vy.

=cVd<(cVd)Vy.

Hence Ay(cVd,(cVd)Vy) >0, which implies that (cVd)Vy=
cVd, for all y € Ry by antisymmetry property of A,.

¢Vd is a maximal element in (Ry,A»). It implies that (a,c) €
BAIXAZ(RI X Rz). Hence BAI(RI) X BAZ(R2) - BAIXAz(Rl X
R»). Therefore, B, xa,(Ri X R2) = Ba,(R1) X Ba, (R2). [ |
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