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Stability Analysis of Traveling Waves to
Advection-Diffusion Equation Involving Square-root

Mohammad Ghani, Wahyuni Ningsih, and Nailul Izzati

Abstract—In this paper, we study the existence and stability
of advection-diffusion equation involving square-root. We first
change the original equation into the traveling wave by using
ansatz transformation. Then, we apply the appropriate pertur-
bation to establish the energy estimate under small perturbation
and large wave amplitude. These results of energy estimates are
used to prove the stability of traveling wave solutions.

Index Terms—Stability, large wave amplitude, small perturba-
tions.

I. INTRODUCTION
W E consider the following advection-diffusion equation,

my + (Vm)e = My, (D

where m = m(x,t) and the initial state
m(x,0) = mo(z) = my as z — Foo. 2)
The equation (1) is the special case of the following equation,
my + (g(m))e = My, 3)

where this equation was studied by II’in and Oleinik [1] and
Sattinger [2] for the maximum principle and spectral analysis
respectively of shock waves, for o > 0 and a smooth function
g(m). Mickens and Oyedeji [3] studied the traveling waves
to Burger’s and non-diffusion Fisher equation. These two
equations involving square-root were also the the special case
of (3).

ug + al\/auz = Ditgs
Uy + azy/uty = A\vVu — Au

where ay,as > 0,D1 > 0,1, Ao > 0.

Other studies related to square-root /u were established
by Buckmire et. al [4], Jordan [5], and Mickens [6], [7].
This current paper, we focus on the existence and stability of
traveling waves to advection-diffusion equation (1). Moreover,
we employ the energy estimates under small perturbation and
arbitrary wave amplitude. This technique was also studied in
[8], [9] for chemotaxis model. Hu [10] employed the energy
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method to deal with the stability of traveling waves to coupled
Burger’s equation,

Lo 1,
ur+ | zu*+ b = gz,
t (2 2 ) g (5)
by + (Ub)a: = waa:,

where the small coefficient was not required.
A similar problem to (5) was studied by Li and Wang [8]

as shown the following system of equation,

i (UUQ)I Dugy, ©

v+ (ev° —u), = Vg,
where the smallness of wave amplitude and coefficients were
required in (6). The main problem of this paper is the square
root which is a challenge to study. We also state the proof of
existence and stability for traveling wave solutions of (1) with
m4 > 0. Then this paper is organized as follows. In Section
II, we transform the original equation (1) into the traveling
waves by applying the ansatz transformation, and derive the
appropriate perturbations which implies L? distance between
the solution m and M of the equation (1). Section III presents
the energy estimate of transformed problem. In Section IV, we
finally prove the stability of traveling waves to equation (1).

II. TRANSFORMATION OF THE PROBLEM

We first substitute the following ansatz transformation
m(a:,t):M(C), CZJE—St (7)

into (1). Moreover, ¢ and s denote moving frame variable and
wave speed respectively. Then, the traveling waves M satisfy

—sM¢ + (VM) = M ®)
with the following boundary conditions
M(¢) = m4 as ( — +oo0. )
We further integrate (8) with respect to ¢
—sM + smy + VM — \fmy = M, (10)

and apply the fact M, — 0 as ( — oo, then one has the
following Rankine-Hugoniot condition

s(m— —my) = /m_ — /mx (11)
which gives the wave speed
m_ —/m
g VTV (12)

m_ —m4
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We further, present the following proposition to deal with
the existence of traveling wave (1).

Lemma 1: Assume that m. satisfy (11). Then a monotone
traveling wave M (z — st) to (8) exists, which is unique up
to a translation and holds M < 0. Moreover, M decays
exponentially fast with rates

M —mq ~ e+ as z — +oo,

where

1—2s,/m+
2, /TN + ’

and the wave speed s is given in (12).

We define the following perturbation for the transformed
equation (1).

o4+ =

¢
eo(¢) = [ (mo — M)(y)dy.

which is the zero mass perturbation (see [11], [12]). Then we
have the following stability results.

Theorem 1: Consider the traveling wave solution M (x — st)
given in Lemma 1. If ||mo — M||1 + ||¢o|| < o for a constant
g0 > 0, then there exists unique global solution m(x,t) to
(1)-(2), satisfying

m— M € C([0,00); H') N L*([0,00); H'),
and

sup |m(z,t) — t — +o0.

zER

M(z—st)] -0 as

We change the variables (z,t) — (¢ = x — st,t) in (1) to

get
my — sme + (\/%)( = (m)<< (13)
We decompose the solution of (13) as
m((,t) = M(C) +¢c(¢,t). (14)
Then
¢
o= [ (mt) - MaDdy a5

We substitute (14) into (13) and integrate the results in ( to
get

e = s0¢ = /oo + M + e, (16)
where the initial data of ¢ is given
¢

ACO =@ = [ mo—andy,  a

for po(£o0) = 0. We further find the solution of reformulated
problem (16)-(17) in the space

X(0,T) = {@(¢,t) € C([0,T), H?) : ¢ € L*((0,T); H?))}
for 0 < T < 400. Let
N(t) == 72}

sup {[l»(.,
0<r<t

1 .
< V2 £l 720 fall72 it

From the Sobolev inequality || f]| L
holds that

sup {[l(, )|z oc ()l < N(D).

T€0,t]

For (16)-(17), we have the following global well-posedness.

Theorem 2: Under the assumptions in Theorem 1. If N (0) <
01 for a constant §; > 0, then there exists a unique global
solution ¢ € X (0, 4+00)(16)-(17), satisfying

lo( )3 + /Hw

Moreover, it holds that

T3 dr < Cllgoll3.  (18)

sup |¢¢(¢,t)] = 0 as t = 400 (19)
CER

We refer to [13] for the local existence proof, then we only
need to establish the following a priori estimate.

Proposition 1: Let ¢ € X (0,T) be solution of (16)-(17) for
particular time 7" > 0. If N(T') < &; for a constant £; > 0
which is independent of 7T, then ¢ satisfies (18) for any 0 <
t<T.

III. ENERGY ESTIMATES

Now, we are ready to establish the a priori estimates of ¢
of (16)-(17), and hence prove Proposition 1. As the first step,
we prove L? estimate.

Lemma 2: Under assumptions in Theorem 1. For a constant

C > 0, one has
Niear <Clipl 40 [ [

lo( B2 + /H%

Proof: Multiplying (16) by /M and integrating the
results to get

m/M

(20)

(2D
sosogMc N / sppc pct M
Y .
By applying the followmg inequality
Ve +M < \/¢3+@4M+M2
(22)
(¢ +M)? = ¢ + M,
into (21), one has
1d #
2dt M 23)
/soso / sepe [ plpc+ M)
Noting that
sppe _ plpe + M)
( (248 + Vi Vi
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From (10) and M < 0, we get We use the fact M > m, > 0 to above inequality, then the
1 s 1 proof (25) is completed. [ ]
— — = — By the similar way with L? and H' estimates, the third step
M M M . 9
cc is to present H? estimate of ¢.
. 1 £ i Lemma 4: Under assumptions in Theorem 1. For a constant
S\, M M 24y € >0, one has
vM 2 —
_ <1+ VM | 2y \/m+)>M¢ e DI + / loc(, I3 <C||%00H2+0// (30)
2 M
<0 Proof: Differentiating (26) with respect to z gives

Substituting (24) into (23), using the fact that M > my > weee + Mee
0, then we complete the proof of Lemma 2. [ | Pect < Spcee + - 9 +Pecee G
By the similar way with L? estimate, the second step is to
present H' estimate of ¢.
Lemma 3: Under assumptions in Theorem 1. For a constant

Multiplying (31) by ¢¢¢c/M, we have

C > 0, one has / LP<<; Pece [ pecpeeeM 5P¢cPecc
2dt M = M? M
I 018+ [ Nt mlar < Clioli +0 [ [ 42 [ st el
2M
(25) 32

Proof: Differentiating (16) in z gives
f g (16) g Noting that

et = 5Pec — pec + Me +¥ccc 2
/ 2\/pc+ M /wcapcchc _ —/sﬁccwccc (1> :/@ (1>
2
Since 1//pc + M = \/oc + M /(pc+M) < e+ M/ (o + M M 2 \M /¢
M) = 1, then the above equation becomes spccpece / P2 ( 1 )
S A B O
oee + M, M 2 \M
o < spec+ C +pcee (26) ¢
- N vecheee [P (L
Multiplying (26) by /M and integrating the results, one has M 2 \'Mm i
1d [¢? v (33)
- - _|_ —_—2>
2dt M (27)  Substituting (33) into (32), then we have
pepecM: [ spcece [ pepec +pcMe
- M? M 2M / @gg @ggg
Noting that 2 dt

pepeeM, 1 e (1 /_& _(1) (1) _(1>
e <=—/¢<¢<<<M)C=/;<M)CC = 2 ) T\ ). "\ ) ) OY
spcpce [ wE (1 —/@“M<1>

M 5/2 (M)C 2 M

Yewee 907% 1 By employing (10), (24), and the fact M > m, > 0, then
M 2 \M ) Lemma 4 is proved. [
(28)
By employing (28) into (27), then we have IV. PROOF OF THEOREM 2
1 i ‘:iz 907%( Proof: Proposition 1 follows from Lemma 2 to Lemma
2dt M 4. Now, we are ready to prove the main results by the

tpg 1 1 1 transformation (14). Theorem 1 is a consequence of Theorem
< /—7 - (M>CC +s (M>C - <M>C (29) 2. The a priori estimate (18) guarantees that N (¢) is small if

N(0) is small enough. Thus, applying the standard extension

_ / P ar 1 procedure, we get the global well-posedness of (16)-(17) in
We combine (29) with the results in (20). Then, we apply We further prove the convergence (19). By the global
(10) and (24) to get estimate (18), one has

t t fe’e]
/ /¢<< <[2cie[ [ | [ acnaar<clal<e 69
0 — 00
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It follows from the first equation of (16) and Young’s
inequality,

4
dt

/ P2 (¢, t)d¢ = —2/ prcedC
—o00 —00
= *2/ wec(spc — Ve + M+ wee)

sc/ (2 + ).

Moreover, we have

(36)

/‘ /‘P(Ca dc‘
<C

/ / (02 + %) < Cllool2 < oc.

From (35) and (36), obtained

By

o0
/ gag(g“,t)dc — 0 as t = +oo.

Cauchy-Schwarz inequality, we further have

¢
(¢ t) = 2/ @cece(y, t)dy

— 0o

<2 (/j: P2y, t)dy) % (/_:O wec(y, t)dy> %

—0ast— 4o

Hence (19) is established which implies that the Theorem
2 is finally proved. ]

[1]

[3]

[4]

[5

=

[6]

[7]

[8

=

[9]
[10]

[11]

[12]

REFERENCES

A.II’in and O. Oleinik, “Asymptotic behavior of solutions of the cauchy
problem for some quasi-linear equations for large values of the time,”
Matematicheskii Sbornik, vol. 93, no. 2, pp. 191-216, 1960.

D. Sattinger, “On the stability of waves of nonlinear parabolic systems,”
Advances in Mathematics, vol. 22, no. 3, pp. 312-355, 1976.

R. Mickens and K. Oyedeji, “Traveling wave solutions to modified
burgers and diffusionless fisher pde’s,” Evolution Equations & Control
Theory, vol. 8, no. 1, p. 139, 2019.

R. Buckmire, K. McMurtry, and R. Mickens, “Numerical studies of
a nonlinear heat equation with square root reaction term,” Numerical
Methods for Partial Differential Equations: An International Journal,
vol. 25, no. 3, pp. 598-609, 2009.

P. Jordan, “A note on the lambert w-function: Applications in the
mathematical and physical sciences,” Mathematics of Continuous and
Discrete Dynamical Systems, vol. 618, pp. 247-264, 2014.

R. Mickens, “Exact finite difference scheme for an advection equation
having square-root dynamics,” Journal of Difference Equations and
Applications, vol. 14, no. 10-11, pp. 1149-1157, 2008.

, “Wave front behavior of traveling wave solutions for a pde having
square-root dynamics,” Mathematics and Computers in Simulation,
vol. 82, no. 7, pp. 1271-1277, 2012.

T. Li and Z.-A. Wang, “Asymptotic nonlinear stability of traveling waves
to conservation laws arising from chemotaxis,” Journal of Differential
Equations, vol. 250, no. 3, pp. 1310-1333, 2011.

——, “Steadily propagating waves of a chemotaxis model,” Mathemat-
ical biosciences, vol. 240, no. 2, pp. 161-168, 2012.

Y. Hu, “Asymptotic nonlinear stability of traveling waves to a system
of coupled burgers equations,” Journal of Mathematical Analysis and
Applications, vol. 397, no. 1, pp. 322-333, 2013.

S. Kawashima and A. Matsumura, “Stability of shock profiles in
viscoelasticity with non-convex constitutive relations,” Communications
on Pure and Applied Mathematics, vol. 47, no. 12, pp. 1547-1569, 1994.
A. Matsumura and K. Nishihara, “On the stability of travelling wave
solutions of a one-dimensional model system for compressible viscous
gas,” Japan Journal of Applied Mathematics, vol. 2, no. 1, pp. 17-25,
1985.

25

[13] T. Nishida, “Nonlinear hyperbolic equations and related topics in fluid

dynamics,’

* Publ. Math., pp. 79-02, 1978.



