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Construction of Convergent Sequence in Cone
2-Normed Spaces

Sadjidon, Mahmud Yunus, and Sunarsini

Abstract—We introduce an idea of convergent sequence in sz, [Jwl| < 1}
a cone 2-normed space. We show that the convergence in 2-
normed spaces using the definition of 2-norm by considerings Therefore forn — oo, then

dual space. Then we construct the convergence in cone 2-nogch
sup{ <Tp—x,2> <y, z>

<ZTp—z,w> <Yw>
el wll <13 =0

space, particularly for ¢2-space. (2, W E ?

Index Terms—Convergent sequence, cone 2-normed spaces.

I. INTRODUCTION Moreover form,n — oo, then
TUDY of 2-normed space continues to grow. Among Sup{’ <TmomTns 2> <Y 2> c /2
others, the study of 2-norm is done by linking its dual <Tm = Tp, W > <Y, W >
space [1], especially for thé,-space. With regards to the izl lwl] <1} =0

elaboration of the cone norm [2], [3], then the 2-norm was
extended to cone 2-norm. Furthermore, the convergent pr
erties in cone norm and 2-norm spaces have been studie ‘

|xn, —x, z|| = 0 for n — oo. Also, we say thatz,,) is Cauchy

the literature. Then the construction of convergent secele imoll 0%
can be obtained on the cone 2-normed space, particularly fofo" €veryz € X implies||z,, —z,, 2(| = 0 for m,n — oc.

{>-space. Furthermore, to construct the convergence in capefinition 3 ([3]). A cone normed space is an ordered pair
2-normed space, first we discuss the 2-norm, 2-normed cqm¢, || - ||¢) where X is a linear space oveR and || - ||¢ :
spaces and convergence criterion in 2-norm as follows. X — (E, P, || -||) is a function satisfying:

Definition 1 ([4]). Let X be a real vector space of dimension (C1) [[z[|c = ¢ for everyz € X;

=finition 2. A sequencéz,,) in a 2-normed spacéX, ||-, -||)
iﬁaid to be convergent to € X if for everyz € X implies

d, where2 < d < co. A 2-norm onX is a function||-,-|| :  (C2) |zllc =@ if and only if z = 0;
X x X — R which satisfies: (C3) [laz|c = |a||z||c for everyz € X anda € R;
(N1) ||z, y|| > 0 for everyz,y € X; ||=,y| = 0 iff z and (C4) |lz+yllc < |lzllc + llyllc for everyz,y € X;
y are linearly dependent; It is easy to see thaR™ equipped with the standard Eu-
(N2) |z, yll = |y, z| for everyz,y € X; clidean norm is a Banach space anéif- R™ for nonnegative

(N3) ||z, ay| = |||z, y|| for everyz,y € X anda € R R, P is a cone.
(N4) |z, y + 2| < ||z, yll + ||z, 2| for everyz,y,z € X.

Definition 4 ([3]). Let X be a linear space oveR. Let (F, || -
The pair (X, |-,-||) is called 2-normed space. D) P (E, |

|I) be a Banach space anBt C E be a cone. If the function
For history of inner product spaces and 2-normed spacés,|lc : X x X — (E, P,| - ||) satisfies
we refer the interested reader to [4], [1], [5], [6], [7]. |&]] (CN1) ||z, y||c = O for everyzx,y € X; ||z, y|lc = iff «

we have defined the 2-norm by linking its dual space with andy are linearly dependent;
inner product< z, z >, which is formally defined as (CN2) ||z, yllc = ||y, z||c for everyz,y € X;
<zz> <yz> , (CN3) ||o.wc,y|\c = |a|||lz,y||c for everyz,y € X anda €
[z, y|| = sup jz,wE L R;
<z,2w> <y,w>
(CN4) ||z, y + zllc = [z, ylle + ||z, z[|c for everyz, y, z €
Izl [lwll < 1} X
Furthermore for every.,, z,y € {, we obtain then (X, ||-,-|c) is called a cone 2-normed space.
lzn — z,y|| = Sup{‘< In = HZ2 > <Y 2 >';z,w € ? Il. MAIN RESULTS
<Tp—-—zw> <yYy,w>
Let ¢5-space be a 2-normed space. A functien||c : 42 x
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in ¢»-space, then sequenc¢e,,) is convergent ta: € /5 if for
everyz € g, ||zm — 2, z||c = 6 holds form — cc.

Proof. The sequencér,,) convergesta: € /5 implies that for
everyz € la, || zm —x, 2|/, = 0 holds form — oo. Moreover

13

Sorey ekCillzm — 2], = Y, exCr.0 = 6. Therefore
Iz, 2m — x||c = 0 for m — oo and for everyz € /5. O

Theorem 6. Let (45, (R™, P,||-]|)) be a cone 2-normed space
and (z,,,) be a sequence ih-space, then sequenge,,) is

for everyz € ¢y , then||z,, — z,2|c = Y.i_, exllzm, — Cauchyif for every: € ls, ||z, — 2y, z||c = 0 for m,n — oo,
x, z||¢,. Furthermore form — oo we have|z,, — z, z||
Yory ekllam—, z|le, = >_p_, €x.0 = 6. Thereford|z, x,,

z||c = 6 for m — oo and for everyz € (5.

Proof. The sequencgr,,,) is Cauchy implies for every € /s,
|€m—2n, z|le, = 0 for m,n — co. Moreover for every: € ¢5,
with nonnegative real numbér;, such that|z,, — z,, z||c =
be a cone 2-normed spacezzzl erCrllTm — Tn, 2||e,. Furthermore form,n — oo,
we have|z,, — zn, zllc = Yi_; exCrllem — Tn, 2|6,
Sor_1exCr.0 = 6. Therefore|z,, — z,,z|lc — 6 for
m,n — oo and for everyz € /5. O

O

Theorem 2. Let (45, (R™, P, ||-))
with ||z, yllc = > r_; exllz, ylle, and let(z,,) be a sequence
in ¢>-space, then sequenc¢e,,) is Cauchy if for every € /5,
|2m — z, z||c = 6 holds form,n — occ.

Proof. The sequencéz,,) is Cauchy implies that for every
z € la, ||Tm — xn, 2|1, = 0 holds form,n — oo. Moreover
for every z € {5, the following holds ||z, — zn,z|lc =
> ry €kl|Tm —xn, 2||1,. Furthermore forn, n — oo, we have
[Zm = @n, 2llc = kg exllTm —@n, 2lle, = 34y €0 = 0.
Therefore||z,, — xn, z||c = 6 for m,n — oo and for every
z € ls. O

IIl. CONCLUSIONS

This work has developed convergence of a sequence in
cone 2-normed spaces. This results can be extended to the
convergence im-normed space.
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Proof. The sequencézx,,,) converges tar € ¢o implies that
for everyz € {3, ||@m — , z|l¢, = 0 for m — co. Moreover
for every z € {5, the following holds||z,, — z,z|c
> ry ek Nk||@m — x, z||¢,. Futhermore forn — oo, we have
|zm—2, zllc =Y h i exNillem—2, 2]l = Y p_q exNE.0 =

6. Therefore||z, x,, — z||c = 6 for m — oo and for every
z € ls. O

Theorem 4. Let (¢2, (R™, P,||-||)) be a cone 2-normed space
with ||z, yllc = Y_r_, exNil|lz,ylle, for nonnegative real
numberN; and let(x,,) be a sequence ifh-space, then se-
quencez,,) is Cauchy if for every € ly, ||z —2n, 2||c = 0
for m,n — oc.

Proof. The sequencéz,,) is Cauchy implies that for every
z € Lo, ||xm — zn,2|le, = 0 for myn — oco. Moreover

for every z € {5, the following holds ||z, — xx,z|c
Sorey €xNl|@m — n,2|le,. Futhermore form,n — oo,
we have||z,, — z,,zllc = Yp_; exNil|[Tm — Tn, 2|le, =
S or_1exNg.0 = 6. Therefore||z,, — xn,zl|lc = 6 for
m,n — oo and for everyz € /5. O

Theorem 5. Let (42, (R™, P, || - ||)) be a cone 2-normed space
and (z,,,) be a sequence if, space, then sequen¢e,,) is
convergent tar € ¢» if for every z € £y, ||z — z, 2]|c = 6
for m — co.

Proof. The sequencézx,,) converges tar € ¢, implies that
for everyz € {3, ||xm — x,2|le, = 0 holds form — oo.
Moreover for everyz € /¢, there exists a nonnegative real
numberCy, such that|z,, — z,zllc = Y p_; exCrllzm —
x, z||¢,. Furthermore form — oo, we have||z,, — z, z||c =



