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The Classification of Diffeomorphism Classes of
Real Bott Manifolds

Admi Nazra

Abstract—A real Bott manifold (RBM) is obtained as the orbit
space of the n — torus T" by a free action of an elementary
abelian 2 — group (Z2)". This paper deals with the classification
of some particular types of RBMs of dimension n, so that we
know the number of diffeomorphism classes in such RBMs.

Index Terms—Real Bott manifolds, orbit space, diffeomor-
phism classes, Seifert fiber space.

I. INTRODUCTION

AMISHIMA et al. [1], [2] defined a real Bott manifold
of dimension n (RBM,,) as the total space B,, of the
sequence of RP!-bundles

B, — Bn_1 — -+ — By — By — {a point} (D

starting with a point, where each RP!-bundle B; — B;_; is
the projectivization of the Whitney sum of a real line bundle
L; and the trivial line bundle over B;_;. Then, from the
viewpoint of group actions, it was explained that a RBM,, is
the quotient of the torus of dimension n, T" = S x --- x §*
by the product (Z2)™ of cyclic group of order 2. Such RBM ,,
can be expressed by an upper triangular matrix A of size
n (called a Bott matrix of size n, BM,) whose entries are
either 1 or O except the diagonal entries which are 0. Each
row of the BM,, A express the free action of (Z2)™ on T"
and the orbit space M, (A) = T"/(Z2)™ is the RBM . In
fact, M,,(A) is a Riemannian flat manifold (compact Euclidean
space form). To classify RBM ,,s, we can apply the Bieberbach
Theorem [3] and by this theorem, it was obtained in [1], [4]
the classification of RBM's up to dimension 4.

Kamishima and Nazra proved in [2] that every RBM,
M, (A) admits an injective Seifert fibred structure which
has the form M,(A) = T* x(z,): M(B), that is there is
a k-torus action on M,(A) whose quotient space is an
(n — k)-dimensional real Bott orbifold M,,_j(B)/(Z2)® by
some (Zg)®-action (1 < s < k). Moreover, they have
proved the smooth rigidity that two RBM,s M, (A;) and
M, (As) are diffeomorphic if and only if the corresponding
actions ((Z2)®', M, —k, (B1)) and ((Z2)*2, M,,—i,(B2)) are
equivariantly diffeomorphic. By the above rigidity we can
determine the diffeomorphism classes of higher dimensional
RBM s when the low dimensional ones with (Zs)®-actions
are classified. RBMs up to dimension 5 have been classified
(see [5], [6]).

This paper aims to study the number of diffeomorphism
classes in some particular types of RBM ,,s.

A. Nazra is with the Department of Mathematics, Andalas Univer-
sity, Kampus Unand Limau Manis 25161, Padang, Indonesia e-mail:
nazra@sci.unand.ac.id.

Manuscript received May 28, 2020; accepted December 4, 2020.

II. PRELIMINARIES

In this section, we shall review some concepts from [2]
related to the RBM.

A. Seifert fiber space
In a BM,, A, each i-th row defines a Zsy-action on 7™ by

gi(217227~-‘7zn) = (2:17'"7Zi71;_zi7gi+17~"7zn)

where Z,, is either z,, or Z,, depending on whether (¢, m)-
entry (¢ < m) is 0 or 1 respectively while (4,%)-(diagonal)
entry 0 acts as z; — —z;. Note that Z is the conjugate of
the complex number z € S*. It is always trivial; 2, — zm
whenever m < i. Here (z1,...,2,) are the standard coordi-
nates of the n-dimensional torus 7" = S* x --- x S! whose
universal covering is the n-dimensional Euclidean space R".
The projection p: R” — T™ is denoted by

(627Tix1 627rixn )

p(zl,...,xn): :(2’1,...,2’n).

PR

Those ¢1,. .., g, constitute the generators of (Z3)". In fact,
(Zy)™ acts freely on T™ such that the orbit space M, (A) =
T™/(Z2)™ is a smooth compact n-dimensional manifold. In
this way, given a BM,, A, we obtain a free action of (Z3)" on
TTL

Let 1(A) = (j1, ..., Gn) be the lift of (Zo)" = (g1, ..., gn)
to R™. Then, we get

_ 1 - -

Gi(T1,22, .. Zpn) = (X1, i1, = + Ty Big 1, -+, Tn)

2

where &,, is either z,, or —z,,. One can see that w(A) acts
properly discontinuously and freely on R™ as Euclidean mo-
tions. Note that 7(A) is a Bieberbach group which is a discrete
uniform subgroup of the Euclidean group E(n) = R™ x O(n)
(cf. [3]). It follows that

R" /n(A) = T"/(Z2)" = My (A).

Now, we consider the following moves (I, II, III) to A under
which the diffeomorphism class of RBM,, M, (A) does not
change.

I If the j-th column has all O-entries for some j > 1, then
interchange the j-th column and the (j — 1)-th column. Next,
interchange the j-th row and the (j — 1)-th row.

We perform move I iteratively to get a BM,, A’.

0 * O, C
/ k
A= ’A_<0 B)’
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0 *

B =
0 0
Oy, is a k x k zero matrix (1 < k < n) and we call it a block
zero matrix of size k.

Note the following.
(1) Oy is a maximal block of zero matrix.
(2) As B is an (n — k)-dimensional Bott matrix, we obtain

a real Bott manifold M,,_1(B) = T" % /(Zy)"".

(3)

TF x Tn=F .
W= @y =T @ M)
= M, (4).

(4) The matrix C' corresponds to (Zz)* -action on 77" ~F.

IT For an m-th row (1 < m < k) whose entries in C' are all
zero, divide T* x M,,_(B) by the corresponding Z-action.
III If there are two rows, p-th row and ¢-th row (1 < p <
¢ < k), having the common entries in the C, then compose the
Zo-action of p-th row and ¢-th row and divide T* x M,, _1(B)
by Zs-action.

By using II, III, the quotient is again diffeomorphic to
T* X (7, Mn_r(B) but consequently the (Zy)*-action is
reduced to the effective (Zy)*-action on T* x M, _1(B).
Therefore A’ reduces to

Op—s 0 O
A= 0 0, * )
0 0 B
in  which M, (A4") = T"'x(z2)k M, _x(B) =

k—s s
T (Z:)f,fi‘@;)’;w) = M, (A"). Since (Z2)*~* acts trivially

on T° x M,,_1(B), we have M, (A") = Tk X (2,ys Mn—k(B).
Hereinafter, we write M, (A) in place of M, (A").
Remark 1: Concerning * in (2), the group (Z3)® =

(Gh—st1,---, gr) acts on T* x M,,_1(B) by
gi(217"'7zk—8+17'"7zk;[zk+1a-~-azn]) (3)
= (zl,...,zk,5+1,...,—zi7...,zk7[2k+1,...,Zn])

where Z = Z or z. So there induces an action of (Z2)® on

, Zn]. “4)

Moreover in [2], it was obtained the following theorem.

Theorem 1 (Structure): For a RBM, M,(A), there is
a maximal T*-action (k > 1) such that M,(A) =
Tk X (Z,)s M,,_(B) is an injective Seifert fiber space over
the (n — k)-dimensional real Bott orbifold M, (B)/(Z2)*;

9i([Zht15 - -+, 2n]) = [Br1, - -

TF — M, (A) = M, _;(B)/(Zy)®. 6)

There exist a central extension of the fundamental group 7(A)
of M, (A):

1728 - 7(A) - Qp — 1 (6)
such that

(i) ZF is the maximal central free abelian subgroup

(ii) The induced group @ p is the semidirect product 7(B) %
(Z3)* for which R"*/x(B) = M, _(B).
See [2] for the proof.

Using this theorem, a RBM, M,(A) which admits a
maximal 7%-action (k > 1) can be created from an RBM,, _,
M, (B) by a (Z3)*-action, and the corresponding BM,, A
has the form as in (2) above.

B. Affine maps between real Bott manifolds

Next, to check whether two RBMs are diffeomorphic, we
can apply the following theorem.

Theorem 2 (Rigidity): Suppose that M, (A1) and M, (A2)
are RBM,s and 1 — Z* — 7(A;) — Qp, — 1 is the
associated group extensions (i = 1,2). Then, the following
are equivalent:

(i) m(A;y) is isomorphic to m(Asz).

(i) There exists an isomorphism of Qp, = 7(B1) % (Z2)*!
onto Qp, = w(B2) % (Z2)** preserving w(B;) and
'/T(BQ).

(iii) The action ((Z2)*', M,,—;(B1)) is equivariantly diffeo-
morphic to the action
((Z2)*2, My—k(Bz)).

See [2] for the proof. Here Bott matrices A; and A are created

from B; and Bs respectively.

Note that two RBM s M, (A1) and M, (A3) are diffeo-
morphic if and only if 7(A;) is isomorphic to 7w(Asz) by the
Bieberbach theorem [3]. Moreover, by Theorem 1 and 2 we
have,

Remark 2: Let RBMnS Mn(Az) = Tki X(Zg)si Mn—ki (Bl)
(i = 1,2). If M,,(41) and M,,(A3) are diffeomorphic then
the following hold.

(i) k= ko.

(il) Mk, (B1) and M,,_,(B>) are diffeomorphic.

>iii) s1 = s9.

If two RBM's have the same maximal 7% -action, then the quo-

tients ((Z2)%, M,,—x,(B;)) are compared. So, what we have

to do next is to distinguish the (Z2)*i-action on M, _,(B;)
when it is the case that s1 = so = s and M,,_y, (B1) is
diffeomorphic to M,,_y,(B2).

C. Type of fixed point set

Note that from (4), the action of (Z3)® on M, _(B)
is defined by «[(z1,...,2n-k)] = [a(z1,...,2n—k)] =
[(21,...,2n—1)] for @« € (Z3)* and Z = z or z. Since
M, _x(B) = T"%/(Zy)"*, the action (o) lifts to a lin-
ear (affine) action on 7"~* naturally: a(zy,...,2, %) =
(%1,..., Zn—k). Then, the fixed point set is characterized by
the equation: (Z1,...,2,-x) = ¢(z1,...,2n—k) for some
g € (Z2)" k. 1t is also an affine subspace of T"~%. So the
fixed point sets of (Zy)® are affine subspaces in M,,_(B).

Let B be the Bott matrix as in above. By a repetition of
move I, B has the form

0b2 023 . 02[
0},3 034 CBZ
b= ' 7
0 Obl—l O(@—I)E
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where rank B =by+---+by =n—k (b; > 1), Cjy (j =
Ll—=1,t=3,...,0)is a b; X b; matrix.
Note that by the Bieberbach theorem (cf. [3]), if f is an
isomorphism of 7(A4;) onto 7w(Asz), then there exists an affine
element g = (h, H) €A(n) = R™ x GL(n,R) such that

fr)y=grg™" (8)

Recall that if M, (A;) is diffeomorphic to M, (As) then
M,,—(By) is diffeomorphic to M,,_x(Bs). This implies that
B; and B have the form as in (7).

Using (8) and according to the form of B in (7) we obtain
that

(Vr e m(A4y)).

h1 H1
hy H, 0
g= ) ; 9
: 0
hg H,

where h; is an b; X 1 (s;=rank I;) column matrix (hy isa kx 1
column matrix), H; €GL(b;,R) (i = 2,...,¢), H; €GL(k,R)
(see Remark 3.2 [2]).

Let f: QB, — Qp, be the induced isomorphism from
f (cf. Theorem 2). Now the affine equivalence g: R" ™% —
R™ % has the form

hy H, 0
g= N (10)

hy 0 H,
which is equivariant with respect to f. The pair
(f,g) induces an equivariant affine diffeomorphism

(f,9): (Z2)*, My_(B1)) —
Let rankH; =b; i =2, ...,
n — k.) Since M,,_r(B1) =

(Za)*, My—1(By)).
?). (Note that by + -+ - + by =
T % /(Zy)" %, § induces an

T
affine map § of T" %, Put X;, = S X, =
Tby
Tp, +1
: , Wp, = p(Xbi) c Thi (Z = 2,. Z), by =
Lbyr+by
by + -+ + by_q. Since gp = pg, §(twe,,...,twy,) =
(*wp,, ..., "w},) where wy = p(h; + H;X;,) € T®. That
is, g preserves each Tb of TPk = Tb2 x ... x T g0 does
g on
Mn—k’(Bl) =
{215+ s Zbo} Zbotls - vy Zbgtbgs e v e S Zby 41 e Zby byl b

We say that § preserves the type (ba, ..., by) of M, _;(B1).
As g is f -equivariant, it also preserves the type corresponding
to the fixed point sets between ((Z2)*, M,_r(B1)) and
((Z2)*, Mo—r(Bo)).

Proposition 1: The (Zs)*-action on M, _;(B) is distin-
guished by the number of components and types of each
positive dimensional fixed point subsets.

See [2] for the proof.

Definition 1: We say that two Bott matrices A and A’ are
equivalent (denoted by A ~ A’) if M, (A) and M, (A") are
diffeomorphic.

III. CLASSIFICATION OF PARTICULAR TYPES OF RBM,,S

In this part, we will review some results from [6] and prove
some new results regarding the classification of certain n-
dimensional real Bott manifolds in order to obtain how many
diffeomorphism classes of some particular types of RBM ,,s.

Proposition 2: [6] There are 4 diffeomorphism classes of
RBM,s (n > 4) which admit the maximal 7"~ 2-actions
(ie.s=1,2):

M,(A) =T""2 x My(B).

(Z2)*
Proposition 3: [6] The diffeomorphism class is unique for
the RBM of the form M, (A) = Tk 7" % for any k (1 <

k <n—1). In particular, if k =n then M,(A) =T".

Remark 3: By Proposition 3, for n > 2 there are n distinct
diffeomorphism classes of RBM,,s M, (A) = T* xz, T"~*
(1 <k<n).

Corollary 1: [6] If the RBM M(A) =
M(B) = T* xz, S', then for any k 2
diffeomorphism class.

Remark 4: By Corollary 1, for n > 3 there are n —
2 distinct diffeomorphism classes of RBM,s M,(A) =
Tk X7 Mn,k(B) (k = 1, Lo, = 2) where Mn,k(B) =
T+ xg, 8" (K =n—Fk—1).

Corollary 2: [6] Let M(A) be a real Bott manifold which
fibers S1 over the real Bott manifold M (B) for which M (B)
is T% x(z,): K (k > 2). Here K is Klein bottle. Then the
number of diffeomorphism classes of such M (A) is 3.

Remark 5: By Corollary 2, for n > 5 there are 3(n —

4) distinct diffeomorphism classes of RBM,s M,(A) =
T’“ Xzy Mp_p(B) (k = 1,...,n — 4) where M, _(B) =
X(ZQ)S K (k —n—k:—222, 821,2).

Corollary 3:[6] Let M(A) be a real Bott manifold which
fibers S1 over the real Bott manifold M (B) for which M (B)
is T% X (z,)= T? (k > 2). Then the number of diffeomorphism
classes of such M (A) is 3.

Remark 6: By Corollary 3, for n > 5 there are 3(n —
4) distinct diffeomorphism classes of RBM,s M,(A) =
T* Xzy Mp_p(B) (k = 1,...,n — 4) where M, _(B) =
TV X (g T2 (K =n—k—2>2, s=1,2).

Proposition 4: [6] Let M (A) be a real Bott manifold which
fibers S! over the real Bott manifold M (B) where M (B) =
St xz, T* (k > 2), then the diffeomorphism classes of such
M(A) is [5] + 1. Here [z] is the integer part of z.

Remark 7: By Proposition 4, for n > 4 there are

[ 22([%/] + 1) distinct diffeomorphism classes of RBM ;s
M,(A) = TFxz, M(,_1xB) (k = 1,....,n — 3) where
M,_;(B)=S'xz, TF (K =n—k—1>2).

Proposition 5: Forany k > 1land m > 2 (n—3 > k +
m =t > 3), there are [2;t] + 1 diffeomorphism classes in

1 xz, M(B) where
there is only one

RBM,s M, (A) = T* xg, M,,_(B), where M, _(B) =
™ X7 T
Proof: Slmﬂar with the proof of Proposition 4 (see [6]).

| ]
Remark 8: By Proposition 5, for n > 6 there are

n—5 n—3

ZZ n—t +1)

k=1t=k+2
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distinct diffeomorphism classes of RBM ,,s
M,(A) = T¢xz, M,_1(B) (k = 1,...,n — 5) where
My w(B) =T™ xz, T""t (m>2, n—3>t>3).
Proposition 6: [6] Let M, (A) = S* xz, M,,_r(B) be a
RBM ,,. Suppose that B is either one of the list in (11). Then
M,,_(B) are diffeomorphic to each other and the number
of diffeomorphism classes of such RBM,s M, (A) above is
(k+1)20%=3 (k> 2, n—k > 3).

0 1 1 1
0 1 1

Blz 0 1 1 y
0 O
o 1 o 0
0 1 1
BQ: . 0 1 1 AR
O
o 1 o0 0
o 1 0 0
B, k1= ' 0 1 0 ..o
n—k—1 o 1 1 y
O O
o 1 o0 0
0 1 0 0
B 0 1 0 0 0 0
= 0 1 1 0 0 .
n—k 0 1 0 0 ’
0 1 1
0 o
0o 1 10 ... 0
0 10 ... o0
= 0 10 0
ankJr(nfk:fél) o 1 1
0 O

(1)
Remark 9: By Proposition 6, for n > 5 there are

n

2/1@3

HMw

distinct diffeomorphism classes of RBM ,,s
M, (A) = T* x3, M,,_js(B) (' =1,...,n —4) where B
is either one of the list in (11).
Now we consider the other type of real Bott manifolds.
Proposition 7: Let My, (A) = TF Xz, T, (n =k + (>
5,£ > 3) be a RBM,,. Then the number of diffeomorphism
classes of such M, (A) is

u\\

—2

S

(=3 =1

(z —1))).

Proof: The proposition follows from Lemmas 1, 2 below.
|

Lemma I: Let M,,(A) be an RBM,, (n > 5) corresponding
to the Bott matrix

0
| Og0O ... 0 1 ... 1
A= 1 .. 1.0 .. 0| ®=3 b
0 o
Then thg: number of diffeomorphism classes of such M, (A)
is 320 s [%]

Proof: We associate with the pair (y,x) the Bott matrix
(14) where y = n—x and «x are the numbers of zero entries in
the (k—1)-th row and k-th row respectively of the right-upper
block matrix. Here 1 < x < ¢ — 1. Because of move I, we
may assume that z < £ — 2. So 1 < x < [g] For a fixed
numbers ¢ and z, it is easy to check that the fixed point sets
of ((Z3)?,T*) corresponding to (14) are 2% components 7~
and 2= components 7.

For a fixed number /, suppose that Bott matrices A; and Ao
correspond to the pairs (y1,21) and (yz2,z2) respectively. If
x1 # x9, then by Proposition 1, M,,(A;) is not diffeomorphic
to Mn (AQ)

Therefore for a fixed number ¢, there are [g] diffeomorphism
classes of such RBM ,s. This implies the lemma. [ ]

Lemma 2: Let M, (A) be a RBM,, (n > 5) corresponding
to the Bott matrix

0
Or |0

1 ... ...

0 O,

A:

= O

(¢ >3).

— =
— =
O =
o

15)

Then the number of diffeomorphism classes of such M, (A)
is "
— 'S

)3

(=3 z=1

—(z —1)).

Proof: We associate with the pair (¢,x) the Bott matrix
(15) where z is the number of zero entries in the k-th row
of the right-upper block matrix and ¢(# 0) is the number of
columns having two non zero entries. Because of move I, we
may assume that 1 < x <t < ¢ —x—tand 2 < [£]. So
1 <z <t < [%2]. For fixed numbers £, z and ¢, it is easy to
check that the ﬁxed point sets of ((Z3)?, T*) corresponding to
(15) are 2¢t® components T“~*~* and 24*‘” components 1%,

For a fixed number ¢, suppose that Bott matrices A; and
As correspond to the pairs (¢1, 1) and (t2,x2) respectively.
If t; # to or(and) z1 # x2 , then by Proposition 1, A; is not
equivalent to As,.

Therefore for fixed numbers ¢ and x, there are [K’Tﬂ —(z—
1) diffeomorphism classes of such RBM ,s. Hence there are

St

(=3 =1

— (1))

diffeomorphism classes of such M,,(A) corresponding to Bott
matrices as in (15). |

Since the fixed point sets of ((Zy)2,T*) corresponding to
Bott matrices (14) and (15) are different, the corresponding
real Bott manifolds are not diffeomorphics.
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1.1
0 1 1
a—| Ok (12)
11 0
1.1
0 Oy
(£>3) (13)
Remark 10: 1t is hard task algebraically to determine the the Jast n— ¢ columns are zero vectors (i.e, A = Ae 0 ))
number of n-dimensional M, (A) = T* xz,). T* for 3 < B I the Bott matrix A i alent 0 0
s < min{n — ¢, ¢}. However we shall consider a special type > 1OV % the DO matrix A 18 equivaien to
in (12). 0 0
We associate with (¢1,4s,...,0s_1,¢,) the Bott matrix (12) A= ( 0 A ) . (16)

where (1 = 672;2 li, b, b3, ..., 0s_1, L are the number of
nonzero entries at k-row, (k—1)-row, (k—2)-row, ..., (k—(s—
2))-row, (k—(s—1))-row respectively in the right-upper block
matrix. As in the arguments in the proof of Lemmas 1, 2 above,
in order to obtain the diffeomorphism classes RBM M (A),
we may assume that {1 > 0y > 03 > --- > 01 >l > 1
and 1 < ¢, < [f] For any ¢, we determine the values of
ly_1, namely £, < f,_ ;1 < [i‘_éf]. For any /,_1, similarly we
lo—1t
791]

can determine that £5_1 < {5_o < |
previous argument, we obtain that

=53 l;
[ th:tJrl } , t

Repeating the

€t+1§€t§ :2,...,8—2,8—1.

It is easy to check that for fixed naturals numbers 4;, t =
3,4,...,5 — 1,5 and /¢, there are [Z_Z%?’Z’] — (3 — 1)
diffeomorphism classes of RBM M (A). Hence for fixed
numbers ¢ and s, there are

[2725:t+1 45 }
t

D

Ly=Lli 11

OEc=

=2 2

le=1 Ls_1=L;

=]
2

L3={y

[%] — (5 —1)

diffeomorphism classes of M (A) for 3 < s < min{n —¢,/}.
Hence the number of diffeomorphism classes of RBM
M(A) is
—3 min{n—~{,(}

Z >N
=3 s=3

Let N, be the number of diffeomorphism classes of
RBM,,s.

Choi[7] classified RBM ,,s corresponding to the following
Bott matrices. He considers ¢ x £ Bott matrices A, of rank £—1
all of whose diagonals are 0. Then for such each Ay, (¢,741)-
entry must be 1 for i = 1,...,¢—1. Masuda[8] proved that for
such matrices, there are 2(¢=2)(¢=3)/2 diffeomorphism classes
of ¢-dimensional real Bott manifolds.

Next Choi considers an n x n Bott matrix A such that the
rank of submatrix consisting of the first ¢ columns is £ —1 and

By using the result of Masuda above, Choi [7] obtained that the

number of diffeomorphism classes of RBM,,s corresponding

to Bott matrices (16) for £ =2,...,nis Y., ,20¢=2¢=3)/2,
Masuda [8] found that

9(n—2)(n—3)/2 < N,,,

by considering the Bott matrices A, above. Then, Choi [7]
improved the Masuda’s result where he considers Bott matrices
(16).

Theorem 3 ([7]): 2(n=2(n=3)/2 >
N,.

By using Propositions 7, 2, Theorem 3, Remarks 3, 4, 5, 6,
7, 8,9, 10, we obtain an improvement of the previous results
about NV,,.

Theorem 4: For n > 4,

o(t=2)(=3)/2 <

N, >8n+22<4 2)(£-3)/2 Z([§]+1)+
(=2 (=2
n—5 n—3 n—t n £-3
(I 5 4D (m+1)2m3y
k=1t=k+2 £=5 m=2
A |
DG+ (- —n+
=3 z=1
n—3 min{n—£,0}
> N -2

with

[£—25=t+1 ’L]
t

>

Le=Liy1

14 5=

N;:Z i

bs=1 Ls_1=L;

=2t
2

l3=Ly

[#] — (b5 —1).

We assume that if © < u¢ in a summation Z;:uo’ the value
of such summation is equal to zero.
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