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On the Reciprocal Sums of Generalized
Fibonacci-Like Sequence

Musraini M., Rustam Efendi, Endang Lily, Noor El Goldameir and Verrel Rievaldo Wijaya

Abstract—The Fibonacci and Lucas sequences have been gen-
eralized in many ways, some by preserving the initial conditions,
and others by preserving the recurrence relation. One of them
is defined by the relation B, = B,_1 + B,,_2 n > 2 with the
initial condition By = 2s, B; = s+ 1 where s € Z. In this
paper, we consider the reciprocal sums of B,, and B2, with an
established result that also involve B,,.

Index Terms—Reciprocal sums, generalized Fibonacci-like se-
quence.

I. INTRODUCTION

ANY author have already generalize a well known

Fibonacci and Lucas sequence either by changing its
initial condition or the recurrence relation. One of that gen-
eralization is called the Generalized Fibonacci-Like sequence
[1]. The Generalized Fibonacci-Like sequence [1] associated
with Fibonacci and Lucas sequences {B,} is defined by the
recurrence relation

Bn = Bn—l + Bn—Q

with the initial condition By = 2s, B; = s+ 1 where s € Z.
The few terms of this sequence are as following

n>2

2s,s+1,3s+1,4s+2,7s+ 3, ...

The initial condition By and B; can be seen as the sum of
Fibonacci and Lucas sequence respectively

B0:F0+SLO B1:F1+3L1

Thus, the relation between Fibonacci-Lucas sequence with
Generalized Fibonacci-Like sequence can be written as

B, = F, +sL, (n > O)

If s = 0, then B,, become a usual Fibonacci sequence. If
s = 1, then B,, become a usual Pell-Lucas sequence. In this
article, we discuss the results when s = 2. The few terms of
this sequence are

4,3,7,10,17,27, 44, . ..

The reciprocal sum of Fibonacci numbers was first investi-
gated by Ohtsuka and Nakamura [2]. Some related result for
other sequences also have been founded by several authors [3],
[4]1, [5], [6], [7], [8], [9]. In this article, we discuss the infinite
reciprocal sums of generalized Fibonacci-Like sequence and
additionally the infinite reciprocal sums of square of general-
ized Fibonacci-Like sequence when s = 2.
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II. PRELIMINARIES

Various properties and identities of Fibonacci and Lucas
sequences have been studied by many authors [10], [11]. We
give some identities on Generalized Fibonacci-Like sequence
in order to help prove our main results.

Lemma 1: For n > 1, we have

D ananJrS = B%+1 + (_1)n+1 (582 — ]_)
2) Ban+2 = B’12L+1 _ (_1)”-’1‘1(582 _ 1)
3) B2 — Bn_1Bpi1 = (—1)"(5s2 — 1)
Proof: Observe that
B72z+1 = (Fopr + sLn+1)2
= 3-{—1 + 25F71,+1Ln+1 + S2L72L+1
=F? 1 +25F42+ 5% (Lang2 +2(—=1)")

1) We have

ananJrB = (anl + SLnfl) (Fn+3 + SLn+3)
- nlen+3 + S(anan+3 + LnlenJrS)
+ 52Ln—1Ln+3
=F2 1+ (=1)" + s(2F2n42) + 5° (Lonto
£ T(=1)" )
=By + (1) (55" — 1)
Thus (1) is proved and (2) is proved in a similar way.
3) From (2), we get
B2 — By1Busr = B2 — (B2 — (~1)"(55* — 1))
= (=1)"(5s* = 1)

The proof is complete. [ ]

III. RESULTS AND DISCUSSION

There are two main results in our studies, the first one is as
following.
Theorem 1: If s = 2, then

0o —1
Z 1 _ Bn—?a
k—n Bk B Bn—2 - 17

To prove the first theorem, we use the following two
lemmas.
Lemma 2: For any s € ZT,

oo

1 1
(a) ZB—k<m,ifnisoddandn23.

if nis odd and n > 3
if nis even and n > 4

1 1
(b) ng>m,ifnisevenandn22.
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Proof: For n > 0, observe that

1 2 1 B, 1

Bn Bn+2 Ban+2 Bn+3
Bn—an+3 - Ban+2
Ban+2Bn+3
~(-D)™(2 —10s?)
Ban+2Bn+3
(a) If n is odd with n > 1, then

1 2 1 (=1)™(2—10s?) -0
Bn Bn+2 Bn+3 Ban+2-Bn+3

Therefore,

BnJrS

1 1 1 1
By, g B2 - B2 - B3 M
By applying inequality (1) repeatedly for n > 3, we
have
1 1

Bn72 ~ Fn

>1+1+(1+1+1>
Bn Bn+l Bn+2 Bn+2 Bn+3

> ...

1
Bn+1

+—+

1
B,

> ! + L + L + ! +
Bn Bn+l Bn+2 Bn+3 o

Thus, we obtain

> 5 < B
P By, B2
(b) In a similar way, if n is even with n > 2, then we will

get
k—n k Bn—2

The proof is complete.

Lemma 3 For s = 2 we have

a —— withn > 3.

()kZ:n n2+1w n

b ——, with n > 3.

()Z 2_1 with n >
Proof.

(a) Using identities on Generalized Fibonacci-Like se-
quence, we have

1 1 1 1
Bn +1 Bn+2 Bn+3 Bn+2 +1
_ Bnyo — By _ Bug2+ Buys
B (Bn + 1)(Bn+2 + 1) Brn2Bnys
B Bnya

T (Ba+1)(Bpy2+1)  Bni2Bais
_ —(Bria+ Biys + Buya)
Bn+2Bn+3(Bn + 1)(Bn+2 + 1)
(38(-1)" (Busz + 1))
Bn+23n+3 (Bn + 1)(Bn+2 + 1)

(b)

If n is even, then the right-hand side of identity (2) will
be negative.

If n is odd , then the right-hand side of identity (2) will
also be negative, except for n = 1 because

—(B3+Bj+B;—38(B3+1)) =2>0

Thus, for n € {0,2,3,4,...} we get
1 1 1 1
— — — <0 3)
B, +1 Bn+2 Bn+3 Bn+2 +1

By applying inequality (3) repeatedly for n > 3, we
have
1 1 1 1
Biat1l By Buy  Bytl

Bn+1

1 1 1
< B, * Bpni1 * (Bn+2 * Bn+3+
1
B2+ 1)
<.
< L + ! + ! + ! +
B, Bnt1  Bny2  Bpgs
Thus, we obtain
=1 1
2B Bl
In a similar way, we will get
1 1 1 1
B,—1 Bnis Bpys Bnyo—1
Bhio+Bhis — Bata

= +
Bny2Bnys3(Bn — 1)(Bpya — 1)

2(—1)"T119(B 40 — 1)
Bn+2Bn+3(Bn - 1)(Bn+2 - 1)
If n is odd, then the right-hand side of identity (4) will
be positive.
If n is even, then the right-hand side of identity (4) will
also be positive, except for n = 0 because

“4)

B2+ B? - B, +38(By+1)=-9 <0
Thus, for n > 1 we get
1 1 1 1
— — — >0 (@)
Bn -1 Bn+2 Bn+3 Bn+2 -1

By applying inequality (5) repeatedly for n > 3, we
have

S SR B S
Bns—1~ B,  Bpi1  Bn—1
S N ( SR
Bn Bn—i—l Bn+2 Bn+3
1
+ Bpis — 1)
> .
S 1 1 1 1
B, + B,11  Bpgo + B3 +
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Thus, we obtain If s > 2, then 5s® — 19 > 552 — 7 > 0. Therefore
i 1 1 B} —(B,_1B, — 6)(B,Bn41 —6)
= Bx Bna-—l = —Bn((5s* = 19)By_1 4 (55> = 7)Bp_2) —36 < 0
The proof is complete. B Thus, we get
The proof for Theorem 1 is as following. 1 1 1
. e . ————1 7
e Proof: By Lemma 2.(a) and 3.(a) if n is odd and n > 3, BoBo—6 B BoBui—6 < (7
1 1 By applying inequality (7) repeatedly for n > 1, we have
Loy Lo | | |
B, 2+1 B B, _ G R S
2 k=n 1k 2 anan —6 B721 * BanJrl —6
— 1 1 1 1
B2 < — <Bj_o+1 < =5+ ( + >
? (lgl Bk) ? B?L B?m—l Brny1Brni2 —6
oo 1 < ...
<21> =B, _s <1+ 1 N 1 N
k=n Br Bz BZH B,
By Lemma 2.(b) and 3.(b) if n is even and n > 4, then Thus, we obtain
oo 1 1
1 1 1 Z S (8)
< — < 5 2 -
By —2 ; By Bp2—1 im B BnaBn—6
oo -1 Next, we observe the following identity. If s = 2, then
Bns 1<<Zk> < Bn_2 1 1 1 1
N k ;L Bn_1B,—7 B2 B2, Bpi1Bn2—7
Z L —B, ,—1 _ Bu(Bn=Bn-1)+7  Buyi(Bay1 £ Buya) =7
By, - B’I’QL(Bn_an - 7) B1'27,+1 (Bn+an+2 - 7)
Ban72 +7 Bn+1Bn+3 -7
The proof is complete. ]

B B2 (Bn—an - 7) - BT2L+1(Bn+1Bn+2 B 7)

The next result that we obtain is for the reciprocal sums of
P B2, (—1)1947 B2, — (—1)™2.19-7

square of generalized Fibonacci-Like sequence.

Theorem 2: If s = 2, then B2(Bn-1Bn —1T) B%+1(Bn+1Bn+2 )
oo -1 . The numerator on the right-hand side of last identity will
(Z 1) _ {Bn 1B, —7, nisoddandn >1 become
— B? B,_1B, +6, nisevenand n > 2
k=n B (B2, — (=)™ 19+ 7) (B2, 1(Bus1Bpi2 — 7))
Proof: First, we observe the following identity. _( B?wr , — ()2 19 — 7) ( B%(B, 1B, — 7))
; _ % — ; With some calculation, it can be shown that this numerator
Bn1Bn =6 B BpBni1—6 will be positive for all n > 1. Thus, we get
_ Ban+1 — B,-1B, _ L 1 1 1 1
B - n ntn - 2 - 59 - O 9
(Bn-1Bn 6;(23 Bi1—6) Bln Bn1B,—7 B2 B2, Bpi1Bni2—7 -0 O
= (B 1By —6)(BuBus —6) - Fﬁ By applying inequality (9) repeatedly for n > 1, we get
B! — (B,_1B, — 6)(BnBpny1 — 6) 1 1 1 1
_ n n n nn 6 _ > — 4+ +
B2(By 1By, — 6)(BnBni1 — 6) © BB =TT B Bl BuaBus T
If n is odd, then the numerator in the right-hand side of identity > 1 21 + ( 21 + 21 +
(6) become Bz Bn+1 Bhio  Biis
1
B: — (Bn_1B,, — 6)(B,Bpy1 — 6) + )
2 Bn+3Bn+4 -7
_Bn(B —Bn 1Bn+1)+63 (Bp-1+ Bnt1) — 36 >
fBZ( —1)) + 6B, (Bp-1 + Bpy1) — 36 1 1 1 1
B, (- 58 —7)Bn +6B,_1 4+ 6B,_1) — 36 >B +B%+1 B, B'I2L+3+.'.
n( 53 —T7)(Bn-1+ Bn—2) + 1237171) — 36 Thus, we obtain
=B, (— (58> —19)B,,_1 — (55 — 7)B,,_2) — 36 ® 1 1
= —B,((55> — 19)B,_1 + (55% — T)Bp_3) — 36 > B BB T (10)
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So, from (8) and (10) we have if n > 1 and odd, then

1
B, 1B, —6 kz_: B2 B, 1B, —17

—1
=1
B, 1B, —T7< (; BE) < Bp_1B, — 6

—1
<1
— =B,_1B, —7

In a similar way, observe that

1 1 1

By 1B, +6 B2 B,B,i1+6

_ BuBuy1— B,.1B, 1

" (Bp-1Bn +6)(ByByi1 +6) B2
B2 1

" (By_1B, +6)(ByB,i1+6) B2

_ Bj — (By—1By +6)(ByByi1 +6)

~ B2(B,-1B,, +6)(B,Bpnyi1 + 6)
If n is even, then the numerator in the right-hand side of
identity (11) become

(1)

Bt — (Bp_1By + 6)(ByBpy1 + 6)
= B2(B2 — B,_1By41) + 6B, (Bn_1 + B,y1) — 36
= B} ((—1)"(55* = 1)) + 6By (By—1 + Bnt1) — 36

= B, ((55 +5 By 4 6B,_1 +6B,_1) — 36
= Bn((5s +5)(By—1 + By—s) + 12B,_1) — 36
= B, ((55% + 17)Bp—1 + (55° +5)B—2) — 36

= B, ((55* + 17)Bp—1 + (55> + 5)Bp_2) — 36 > 0

Therefore, we have
1 1 1
BoaB, 16 B BiBnio o 1Y

By applying inequality (12) repeatedly for n > 2, we have
1 o 1 n 1
B,-1B,+6 B2  BpBni1+6

1 1 1
>+ +
B3 <B7%L+1 B 1Bz + 6)

> ...
S S N
Br% B’rzri-l B’r2L+2

Thus, we obtain

1
_ 13
]€Z”LB2 TL 1Bn+6 ( )

Next, we have if s = 2, then

1 1 1 1
By1B,+7 B2 B2, BuyiBoj2+7
 Bu(By—Bu-1) =7 Bupi(Bug1 + Buyo) + 7

B%(Bn—an + 7) N B72L+1 (Bn+an+2 + 7)

BpBp_o—T Bni1Bnis+7

B B%(Bn—an + 7) - Br2b+1(Bn+1Bn+2 + 7)

B2, (- 19-T7 B2, (-1)"T2. 1947

B%(Bn—an + 7) Bi+1(Bn+1Bn+2 =+ 7)
The numerator on the right-hand side of last identity will

become

(Ba-1 = (=1)""" 19 =7) (Bry1(Bat1Bnyz = 7))

—(B2,,— (-1)""? .19 —17)(B2(Bn-1Bn + 7))

With some calculation, it can be shown that this numerator
will be negative for all n > 1. Thus, we get

1 1 1
S - - <0 (14
By 1B, +7 BZ B2, BnyiBpiatT7 (14)

By applying inequality (14) repeatedly for n > 1, we get
1 < 1 . 1 n 1
Bn_1B,+7 B2 Byi1Bpgo +7
1 1
+ ( + +

n+1
2 2
Bn+2 Bn+3

§ I L1
BY Bl

1
+ e —
Bn+3.Bn+4 + 7)

<...
P 1 1 1 1 n
Bz B721+1 BrQL+2 BZ+3 o
Thus, we obtain
= 1 1
— > = 15
2 5 BB (1
So, from (13) and (15) we have if n > 1 and even, then
1 1
Bn—an +7 I;z B]% Bn—an +6
00 1 -1
B,_1B, +6 < (Z B,§> < B, 1B, +7
k=n 4
oo -1
1
Z ? = Bn—an +6
k=n "k
The proof is complete. [ ]
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