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HIGHLIGHTS

e De-radicalization modeled with an epidemic model.

e Five compartments are considered: Susceptible, Recruiters, Extremists and Treatment.

e The dynamics is determined by the basic reproduction number Rg.

e If Ry > 1 the equilibrium with no terrorists is globally stable, and extremists and recruiters head for extinction.
e Model is used to assess strategies to counter violent extremism.
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Extremism society. In this paper we introduce a simple compartmental model suitable to describe de-
Mathematical sociology radicalization programs. The population is divided into four compartments: (S) susceptible,
Sociophysics (E) extremists, (R) recruiters, and (T) treatment. We calculate the basic reproduction num-
Population model ber Rg.For R < 1the system has one globally asymptotically stable equilibrium where no
Global stability extremist or recruiters are present. For Ry > 1 the system has an additional equilibrium

Lyapunov functions where extremists and recruiters are endemic to the population. A Lyapunov function is

used to show that, for Ry > 1, the endemic equilibrium is globally asymptotically stable.
We use numerical simulations to support our analytical results. Based on our model we
assess strategies to counter violent extremism.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

According to Horgan [ 1] radicalization is the social and psychological process of incrementally experienced commitment
to extremist political or religious ideology. Radicalization can lead to violent extremism and therefore it has become a major
concern for national security. Typical counterterrorism strategies fall into two categories:

1. Law enforcement approach: violent extremist are investigated prosecuted and imprisoned.
2. Military approach: violent extremists are killed or captured on the battlefield.
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Practitioners of counterterrorism agree that these approaches alone cannot break the cycle of violence [2]. The realization of
the inadequacy of the counterterrorism approach has lead to different strategies, collectively known as countering violent
extremism (CVE). CVE is a collection of noncoercive activities whose aim is to intervene in an individual’s path toward violent
extremism, to interdict criminal activity and to reintegrate those convicted of criminal activity into society. CVE programs
can be divided into three broad classes [2-5]

1. Prevention programs, which seek to prevent the radicalization process from occurring and taking hold in the first place;

2. Disengagement programs, which attempt to stop or control radicalization as it is occurring;

3. De-radicalization programs, which attempt to alter an individual extremist beliefs and violent behavior with the aim to
reintegrate him into society. This type of programs often target convicted terrorists.

According to Horgan [6] there are at least 15 publicly known de-radicalization programs from Saudi Arabia to Singapore, but
there are likely twice as many. In this paper we use a compartmental model to model de-radicalization programs.

The attempt to use quantitative methods in describing social dynamics is not new, and compartmental models have been
used to study various aspect of social dynamics. For instance Hayward introduced a model of church growth [7], Jeffs et al.
studied a model of political party growth [8], Romero et al. analyzed a model for the spread of political third parties [9] and
Crisosto et al. studied the growth of cooperative learning in large communities [10]. The dynamics of the spread of crime
was studied by McMillon, Simon and Morenoff[11] and by Mohammad and Roslan [ 12]. A mathematical model of the spread
of gangs was studied by Sooknanan, Bhatt, and Comissiong [ 13]. The same authors studied the model for the interaction of
police and gangs in [ 14]. Castillo-Chavez and Song analyzed the transmission dynamics of fanatic behaviors [15], Camacho
studied a model of the interaction between terrorist and fanatic groups [16], Nizamani, Memon and Galam modeled public
outrage and the spread of violence [17]. Compartmental models of radicalization were studied by Galam and Javarone [18]
and by McCluskey and Santoprete [19].

In this paper we build on the compartmental model introduced in [ 19] by adding a treatment compartment. This allows
us to consider de-radicalization in our analysis. We divide the population into four compartments, (S) susceptible, (E)
extremists, (R) recruiters, and (T) treatment (see Fig. 1). Using this simple model, we attempt to test the effectiveness of
de-radicalization programs in countering violent extremism. This is an important issue since, at least on the surface, these
de-radicalization programs are promising. In fact, these programs appear to be cost effective, since they are far cheaper
than indefinite detention [6]. However, the degree of government support for these programs hinges on their efficacy and,
unfortunately, indicators of success and measures of effectiveness remain elusive [3].

Asin[19] we use the basic reproduction number R to evaluate strategies for countering violent extremism. We will show
that for Ry < 1 the system has a globally asymptotically stable equilibrium with no individuals in the extremist, recruiter
and treatment classes, and that for Ry > 1 the system has an additional equilibrium in which extremists and recruiters
are endemic to the population. The latter equilibrium is globally asymptotically stable for Ry > 1. Therefore, if Ry < 1
the ideology will be eradicated, that is, eventually the number of recruiters and extremists will go to zero. When Ry > 1
the ideology will become endemic, that is, the recruiters and extremists will establish themselves in the population. In our
model the basic reproduction number is

A Blceqe + beqr — %Q}z)

0= (1—k)s >

(1.1)
M bpbg — cpegr — T (cepr + brpe)

where u is the mortality rate of the susceptible population, k is the fraction of successfully de-radicalized individuals, and
§ is the rate at which individuals leave the treatment compartment, so that 1/§ is the average time spent in the treatment
compartment. The rates at which extremists and recruiters enter the treatment compartment are pr and pg, respectively.
Moreover, by = u + dg + ¢ + pe and by = u + dg + cg + pr, Where di and dy are the additional mortality rates of the
extremists and recruiters, respectively.! Other parameters are described in Section 2. Note that, if pg, pr — 0, then the basic
reproduction number limits to the one of the bare-bones model studied in [19].

One approach to dealing with extremism, which follows under the umbrella of counterterrorism, is to prosecute and
imprison violent extremists. This approach was studied in [ 19] where it was shown that increasing the parameters dr and
dg resulted in a decrease in R,. A similar results holds for the model studied in this paper. A different strategy consists in
improving the de-radicalization programs by either increasing the success rate k or by increasing the rates pg and py at
which extremists and recruiters enter the T compartment. Since R is a decreasing function of k, pg, and pg, increasing these
parameters decreases Ro. Hence, according to our model, this is a successful strategy to counter violent extremism. Another
option is to decrease §, which in turn decreases Ro. This approach is also viable because Ry is an increasing function of
8. A good way of thinking about this is to consider prison-based de-radicalization programs, in which case, decreasing §
corresponds to increasing % the average prison sentence.

Note that, in general, it may not be easy to determine the values of parameters because available data are scarce. It has
been claimed, however, that the de-radicalization program in Saudi Arabia, has a rate of recidivism of about 10-20% [6],
which gives an estimate for the value of k.

1 In the context of the present model these can be viewed as the rates at which extremists and recruiters are imprisoned with life sentences.
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Fig. 1. Transfer diagram for the de-radicalization model.

The paper is organized as follows. In Section 2 we introduce the mathematical model. In Section 3 we find an equilibrium
with no individuals in the extremists, recruiters and treatment compartments. We also compute the basic reproduction
number using the next generation method. In Section 4 we use Lyapunov functions to prove this critical point is globally
asymptotically stable for Rg < 1. In Section 5 we find another equilibrium point, the endemic equilibrium, and we prove it
is globally asymptotically stable for Rg > 1. In Section 6 we present some numerical simulations supporting our analytical
results. The final section concludes the paper with a short summary and discussion of the results, limitations of our model
and ideas for future research.

2. Equations

We model the spread of extreme ideology as a contact process. We assume that within the full population there is a
subpopulation potentially at risk of adopting the ideology. We partition this subpopulation into four compartments:

1. (S) Susceptible
2. (E) Extremists
3. (R) Recruiters
4, (T) Treatment.
Our model is based on the bare-bones mathematical model of radicalization introduced in [19]. Here, however, we also

include a treatment compartment (T), to describe de-radicalized individuals. The transfer diagram for this system is given
below.

We assume that susceptibles and recruiters interact according to a mass action law, and that the rate at which susceptibles
are recruited to adopt the extremist ideology is proportional to the number of interactions that are occurring. Thus,
susceptibles are recruited at rate SSR, with a fraction gg entering the extremist class and a fraction gg = 1 — qg entering the
recruiter class. Extremists switch to the recruiter class with rate constant cg, while recruiters enter the extremist class with
rate constant cg. The natural death rate is proportional to the population size, with rate constant w. Extremists and recruiters
have additional death rates dr and dg, respectively. These rates account for individuals that are imprisoned for life or killed.
To consider individuals that undergo de-radicalization program, extremists and recruiters are made to enter the treatment
compartment at rate constants pg and pg respectively. The rate at which a treated individual leaves the compartment T is §. A
fraction k € [0, 1] of treated individuals is removed, since we assume that successfully treated individuals are permanently
de-radicalized. This seems to be a reasonable assumption since, according to Horgan [6], individuals who leave terrorism
behind have a low chance of re-engagement. The fraction of individuals for which the de-radicalization program fails is
1—k. These individuals enter the extremist class E after being treated. Thus, the radicalization model consists of the following
differential equations together with non-negative initial conditions:

S'= A — uS — BSR

E' = qgBSR — (10 + dg + cg + pp)E + kR + (1 — k) 8T
R = qrBSR + ccE — (1 + dg + cg + pr)R

T' = pgE + prR — (u + 8)T

(2.1)
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where gt + qr = 1, g, qr € [0, 1]. For simplicity denote by = u + dg + ¢cg + pg, bg = w +dg + cg + pr and by =  + §, then
system (2.1) takes the following form:

S'= A —uS — BSR

E' = qeBSR — bgE + cgR + (1 — k) 8T
R = qrBSR + ccE — brR

T' = pgE + pgR — b T

(2.2)

Proposition 2.1. The region A = {(S, E,R,T)e R‘éo :S+E+4+R4+T=< A} is a compact positively invariant set for the flow of

I
(2.1) (i.e. all solutions starting in A remainin A forallt > 0). Moreover, A is attracting within Rio (i.e. solutions starting outside
A either enter or approach A in the limit). -

Proof. It is trivial to check that A is compact. We first show that R‘; is positively invariant by checking the direction of the

vector field along the boundary of R‘;O. Along S = 0 we have S’ = A > 0 so the vector field points inwards. Along E = 0 we

have E’ = qgBSR + cgR + (1 — k)T > 0, provided R, S, T > 0. Moreover, along R = 0, we have that R = ¢¢E > 0 provided
E > 0. Moreover, along T = 0 we have pgE + pgR > 0, provided E, R > 0. This shows that ]Rio is positively invariant by
Proposition 2.1 in [20]. Now let N = S + E + R+ T, then N

S'+E +R+T =A— uN —dpE — dgR — k8T < A — puN.
Using a standard comparison theorem, it follows that
A A
N(t) < <N(0) - —) e+ —, (2.3)
u u

for t > 0. Thus, if N(0) < /AL then N(t) < ﬁ for all t > 0. Hence, the set A is positively invariant. Furthermore, it follows
from (2.3) that lim sup,_, N < % demonstrating that A is attracting within R‘éo. O

3. Radicalization-free equilibrium and basic reproduction number R

IfE =R =T = 0, then an equilibrium is given by xo = (Sg, Eg, Ro, Tp) = (ﬁ 0,0, O).

The basic reproduction number Ry is the spectral radius of the next generation matrix G calculated at xo. Ro can be
calculated as follows (see [21] for more details). In our case the infected compartments are E, R, T. The next generation
matrix is given by G = FV~! with

JF R T 9E R 3T
0Fr 0Fr oF, 0VR Vv VR

F=| — — 2R |(x and V=| — 22X __~|(xp).
5E or o | %0 s |
0Fr 371 4y WVr gy OVr
3E R 7 9E R BT

Here, 7§, Fr and Fr are the rates of appearance of newly radicalized individuals in the classes E, R, and T, respectively. Let
V=V - Vf, with V;r is the rate of transfers of individuals into class j by all other means, and V; is the rate of transfers of

individuals out of class j, where j € {E, R, T}. In our case
FE qeR
F=|Fr|=pBS|aqrR
Fr 0

Ve bEE — CRR — (1 — ’()8T
Y = {VRi| = |: bRR — CEE :| .
Vr brT — (peE + prR)

and

Hence

0 g O bg  —cr —ag
F=/350 0 qr 0 and V = —Cg bR 0 .

0 0 O —pe —Pr br
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Therefore, the next generation matrix is

sop [0 & O —bgbr —(eepg + crbr) ogbg
_ﬁ 0 qr 0 —CEbT OEDE — bEbT —OECE
T

0 0 O0JL—brpe —cepr  —bepr —crpe  —bgbg + cree
BSo |:_QECEbT qe(agpe — bebr) _qEOlECEi|

—qrcebr  qr(agpe — bebr)  —qrogce
biD | o 0 0

G =

where D = bgbgr — cgcg — Z—f(pEbR + cgpr) and o = (1 — k)S. Note that F has rank 1 and so the same is true for G. Since
two eigenvalues of G are zero the spectral radius is equal to the absolute value of the remaining eigenvalue. Since the trace
is equal to the sum of the eigenvalues and there is only one non-zero eigenvalue, we see that the spectral radius of G is equal
to the absolute value of the trace (which happens to be positive). Thus,

BSo(ceqe + bedr — “52E qr)

~ bgbg — cpeg — Z%(CEPR + brpe)’

Ro (3.1)

4. Global asymptotic stability of x, for Ry < 1

In this section, we investigate the stability of the critical point xy. The next generation method provides us with
information on the local stability: xq is locally asymptotically stable for Rg < 1 and unstable if Rg > 1. The global
asymptotical stability of xo, instead, is given by the following theorem.

Theorem 4.1. IfRg < 1 then xq is globally asymptotically stable on R‘;O.

Proof. Consider the C! Lyapunov functionU : A — R
U = brcgE + (brbe — agpe)R + apceT,

where (brbg — agpe) = (u + 8)(u + dg + cg) + upe + képe > 0. Evaluating the time derivative of U along the trajectories
of (2.2) yields

U’ =bTCEE, + (bTbE — O[EPE)R, + O{ECET,
=brce(qe BSR — bgE + cgRR + agT) + (brbg — agpe )(qrBSR + cgE — DRR)
+ agCe(peE + prR — brT)

o o
=by |:ﬂ(QECE + qrbg — QRFEPE)S - (bEbR — CECR — FE(pEbR + CEpR))] R
T T

o S
=b;D | B(qece + qrbg — Gr—Pe)= — 1|R
br D

S
So

It follows from S < Sy = }AL that
U < byD[Ro — 1]R

which implies that U’ < 0if Ry < 1. Furthermore, U’ = 0 if and only if Rg = 1 or R = 0. Let
Z={S,E,R,T)e AU =0}.

We claim that the largest invariant set contained in Z is xo. In fact, any entire solution (S(t), E(t), R(t), T(t)) contained in Z
must have R(t) = 0 as a consequence of the expression for U’ given above. Moreover, from the second and third line in (2.2)
it follows that E(t) = 0 and T(t) = 0. Substituting R = T = 0 in the first line of (2.2) gives a differential equation with

solution S = (S(O) - ,AL) e Mt 4 ,AL Clearly, if S(0) < 4, then S — —oo ast — —oo and the corresponding entire solution

n’
is not contained in Z. It follows that S(0) = ﬁ which proves the claim.

Since A is positively invariant with respect to (2.2) LaSalle’s invariance principle ([22] Theorem 4.4 or [23] Theorem 6.4)
implies that all trajectories that start in A approach xo when t — oo. This, together with the fact that x is Lyapunov stable
(in fact is locally asymptotically stable by the next generation method), proves that xg is globally asymptotically stable in A.
Since A is an attracting set within R? | the stability is also global in R? ). O
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5. Global asymptotic stability of the endemic equilibrium

In this section, we show thatif Ry > 1, then (2.2) has a unique endemic equilibrium. We then study the global asymptotic
stability of such equilibrium using Lyapunov functions.

An endemic equilibrium x* = (§*,E*,R*, T*) € Rio of (2.2) is an equilibrium in which at least one of E*, R* and T* is
nonzero.

To find the endemic equilibria of (2.2) we need to solve the following system of equations:

0=A— uS* — BS*R*

0 = qeBS*R* — bgE* + cgR* + (1 — k) 8T*
0 = qrBS*R* + cgE* — bgR*

0 = pgE* + pgR* — beT*

(5.1)

From the last equation we obtain T* = ,‘j—EE* + E—TRR*. Using the expression above for T*, the first two lines of (5.1) and treating
S* as a parameter yields the linear system

b+ PE(1— k)6 qeBST +cr+ (1 — ks | [E* 0
br br R*|~ |0 6-2)
CE qrBS™ — bg

In order to have non-zero solutions for E* and R*, the coefficient matrix must have determinant zero. This gives

bebg — cecr — %(CEPR +brpE) A 1

= B(ceqe + beqr — %QR) MR -3
where o = (1 — k)§. Solving the third line of Eq. (5.1) for E* yields
E* = wR*, with w= w.
Ce
Note that
__ brbrqgg + brcrqr + prgroe brbrqe + brcrqr + prqroe

= = >0
qr(bebr — agpe) + ceqebr  qr(( + 8) (1 + de + ¢e) + wupe + kdpg) + Ceqebr
Next, solving the last line in (5.1) for T* gives

T — PE® +PRR*'
br
Substituting this last expression in the first line of (5.1) we obtain
A — uS*
R* = el = E(730 - 1)
BS* B

Since w > 0, it follows that a meaningful endemic equilibrium with positive S*, E*, R*, and T* exists if and only if Ry > 1.
When the endemic equilibrium exists, there is only one, denoted by x* = (S*, E*, R*, T*), where

LA
==,
" Ro
E* = wR*
4
R = Ao - 1) (5.4)
B
T — Drw +PRR*.
br

Theorem 5.1. If Rg > 1, then the endemic equilibrium x* of (2.2) is globally asymptotically stable in Rio.
Proof. We study the global stability of x* by considering the Lyapunov function

V=S¢ S +a,E°g P +a,R'g R +a3T"g T

where g(x) = x — 1 — Inx. Clearly V is C!, V(x*) = 0,and V(p) > O forany p Rio such that p # x*.
Differentiating V along solutions of (2.2) yields

V=11 S S +a; (1 E E+a|1 R R +a3|1 r T
- S ! E 2 R ? T
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S* E*
= (1 - ?> [A — uS — BSR] + a4 <1 - E) [qe BSR — bgE + crR 4 agT]

R* T
+ ay <1 — 7) [qRﬂSR+ ceE — bRR] + as (1 — 7) [pEE +pRR — bTT]

R T
=C — (p + a2 BqrR*)S + (a1qe + a2qr — 1)BSR + (—a1bg + aace + aspg)E
S* * E3
+ (S*B + aicg — azbg + aspr)R + (a0 — asbr)T — A? - a3pE7E — aZCEEE

*

a R—a E*T acE*R a B E*R
_ —R—aarE*= — - -
3PRT 10E E 1CR E 1PqE E

where C = A + uS* 4 a;1bgE* + a;bgR* + asbr T*. For simplicity, denote w = &, x = &,y = &, and z = . Then,

V' =C — (1 + a28qzR*)S* w + (a1qe + a2qr — 1)BS*R*wy + (—a1bg + axce + aspe)E*x
1 X
+ (S*B + aicg — azbg + aspr)R*y + (a10p — asbr)T*z — A; - G3PEE*E

X z w
- azcEE*;/ — a3pRR*§ — alaET*; — a1cRR*% — alﬂqES*R*Ty = G(w, x, Y, 2).

As in [24], we define a set D of the above terms as follows
{ 1 xxyzy wy}
D= W, XY, Z, WY, —, =, =, =, =, =, —— (-

There are at most five subsets associated with D such that the product of all functions within each subset is equal to one,
given by

1 Xy {x Z} zZy X 1 wy x
W, =t 1SV () oo
w y x)lz x Xz yjlw x Yy

We associate to these subsets of variables the following terms

(z_w_1),(2_X_Y>,(2_X_Z),<3_Z_y_X),(3_1_><_wY>.
w y X z X X z Yy w oy X

Following the method used in [24,25] we construct a Lyapunov function as a linear combination of the terms above:

1
H(w, x,y,2) =b, (2—w——>+b2<2—§—X>+b3(2—§—E>
w y X z X

z X 1 x (5:3)
w.
+b4(3_f_¥_f)+bs(s ————— i),
X z Yy woy X
where the coefficients by, ..., bs are left unspecified. We want to determine suitable parameters a; > 0 (i = 1,2,3 ) and
by > 0( = 1,...,5)such that G(w, x,y,z) = H(w, x, y, z). Equating the coefficient of like terms in G and H gives the

following equations:

w®: 2(by + by +b3)+3(bs+bs)=C
w: by = (1 + aBqrR*)S"
wy: aigg+aqr—1=0
x: —aibp+ayce+aspr =0
S*B + aicg — azbg + aspr =0
z: ayag —asbr =0
w ' by+bs=A
Xz~ : b3 = aspgE”*
xy~': by+bs+bs = aycpE*
yz~': bs = azprR*
zx ' by + by = ayoeT*
yx~': by = a;gR*
wyx~': bs = Ba;qsS*R*.
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If we take (S*, E*, R*, T*) at the endemic equilibrium then the linear system above is consistent and has a unique solution
with

C
4 = : PE
Ceqe + beqr — Froedr
2= ——
qr  Ceqe + beqr — %aEQR
CEoE
_ br
Ceqe + beqr — %aEqR’
and with by, ..., bs > 0. By the arithmetic mean-geometric mean inequality each of the terms in (5.5) is less than or equal
to zero. Furthermore,
M=1(S,E,RT)eR? |dv—0 ={(S,E,R,T)eR?, |S=5" E_R_T
= s By I >Odt_ = s Ly 1Ny >0 = ’E*_R*_T*.

We claim that the largest invariant set in M is the set consisting of the endemic equilibrium x*. In fact, let (S(t), E(t), R(t), T(t))
be a complete orbit in M, then

0=5 =(5*) =A— uS* — BS*R,
which implies that
_A-nst
=g =

Therefore, x* = (S(t), E(t), R(t), T(t)). By LaSalle’s invariance principle [22,23], we deduce that all solutions of (2.2) that start
in Rio limit to x*. This, together with the fact that x* is Lyapunov stable, prove that x* is globally asymptotically stable. O

R R*.

6. Numerical simulations

In this section, we present some numerical simulations of system (2.1) to support our analytical results.

In our simulation, we use the death rate ;1 = 0.000034247 (days)~' [26], i.e., the life expectancy is 80 years. We consider
the de-radicalization in a region with population size of about 17.5 million, and thus A = 600 (days)~'. The other system
parameters are chosen, in a somewhat arbitrary manner, to be 8 = 0.00000000056 (days)~!, d; = 0.00083 (days)™',
dp = 0.00083 (days)~', p = 0.00175 (days)™', px = 0.0019(days)~!, c; = 0.0006 (days)~!, cg = 0.0008 (days)~!, and
8 = 0.0016 (days)~'. Here, gz = 0.86, gz = 0.14and k = 0.66 are dimensionless, and the time unit is day. In this case we find
that Ry = 1.02, and thus, by Theorem 5.1, the endemic equilibrium x* is globally asymptotically stable in Rio. Figs. 2(a)-(d)
depict S, E, R, and T as a function of the time t (days), and show that after a few oscillations these populations approach
a constant value. Figs. 2(e) and (f), instead, are phase portraits obtained for different initial conditions. These two figures
confirm that the solutions approach a globally asymptotically stable equilibrium point. This case illustrates the unwanted
scenario where terrorists and recruiters become endemic to the population.

Second, we increase the rates pr and pg at which extremist and recruiters enter the T compartment to pr =
0.005 (days)~!, and py = 0.006(days)"! and leave the rest of the parameters unchanged. This can be viewed as an
improvement of the recruitment into the de-radicalization programs. Figs. 3(a)-(d) show that E,R, T — 0, as the time
t grows large, confirming that x, is globally asymptotically stable. This is the preferred situation, where the number of
extremists and recruiters decreases to zero.

7. Discussion

In this paper, we presented an abstract compartmental model of radicalization obtained by modifying the one proposed
by McCluskey and Santoprete in [ 19] to include the deradicalization process. Although our abstract model does not generate
empirical findings, it does point to some interesting relations between the system parameters and it suggests policies and
interventions that reduce the likelihood of radicalization. One advantage of this type of simple models is that it is possible
to obtain analytical results that do not rely on the numerical value of parameters, which at the present time is not easy to
estimate due to the lack of data.

By means of the next generation method we obtained the basic reproduction number R, which plays an important role
in controlling the spread of the extremist ideology. By constructing two Lyapunov functions we studied the global stability
of the equilibria. We showed that this new model displays a threshold dynamics. When Ry < 1 all solutions converge to
the radicalization-free equilibrium, and the populations of recruiters and extremists decreases to zero. When Ry > 1 the
radicalization-free equilibrium is unstable and there is also an additional endemic equilibrium that is globally asymptotically
stable. In this case extremists and recruiters will persist in the population.
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Fig. 2. Time history and phase portraits of system (2.1) for 8 = 0.00000000056 (days)~', gz = 0.86, dz = 0.00083 (days)~!, dr = 0.00083 (days)~',
pe = 0.00175 (days)~', pr = 0.0019(days)~', c; = 0.0006 (days)~!, cg = 0.0008 (days)~!, k = 0.66, § = 0.0016 (days)~!, u = 0.000034247 (days)~",
A = 600(days)~! and gz = 0.14.
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Fig. 3. Time history of system (2.1) for 8 = 0.00000000056 (days)~!, gz = 0.86, dr = 0.00083 (days)~!, dz = 0.00083 (days)~!, py = 0.005 (days)~',
pr = 0.006 (days)~", c; = 0.0006 (days)~!, cg = 0.0008 (days)~', k = 0.66, § = 0.0016 (days)~', u = 0.000034247 (days)~!, A = 600 (days)~"! and
qr = 0.14.

Based on our model, we can evaluate strategies for countering violent extremism using the basic reproduction number.
In particular, our model shows that treatment in the form of de-radicalization programs can be successful in eliminating
extremism if used in conjunction with counterterrorism strategies. In fact, it is easy to see that an increase in the success
rate k or an increase in the rates pg and pg at which extremists and recruiters enter the T compartment causes the basic
reproduction number R to decrease. This confirms that, according to our model, de-radicalization programs can be effective.
If it is not possible to change k, pg or pg it is often possible to decrease §, which in turn decreases Ry. Note that a decrease
in § corresponds to an increase in % the average prison sentence, which suggests that increasing the length of the prison
sentence can, at least in part, compensate for low success rates or low transfer rates pg and pg. Hence, the length of the prison
sentence should be chosen so that a perfect balance can be struck between various requirements, including financial ones.

One serious issue of de-radicalization programs is that it is very difficult to evaluate their effectiveness and so estimates
of the success rate k are very imprecise. O'Halloran [ 3] identifies various causes including the lack of empirical evidence and
the lack of valid and reliable indicators of de-radicalization. This means that there are issues in evaluating de-radicalization
programs that are beyond what can be explored with simple mathematical models. In particular, from the practical point
of view, it is unclear how one can improve the success rate k. Furthermore, when modeling social dynamics one has to
make many simplifying assumptions. The model studied in this paper is not completely free from this defect. One issue, for
instance, is that extremists and recruiters entering the treatment compartment will stay in the compartment for a period of
time, given by the length of the prison sentence or of the de-radicalization treatment. Hence, it seems possible to consider
more realistic models by using delay differential equations, and include the time of the de-radicalization treatment as a time
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delay. A further concern is that the population in the various compartments may not be homogeneous. For example, the
parameter 8 may depend on the age of the susceptible, suggesting that an age-structured model may be better suited to
describe this problem. We plan to address these and other issues in future studies.

References

(1]
[2]
3]

[4]
[5]

(6]
[7]
(8]
9]

[10]

[11]
[12]

[13]
[14]

[15]

[16]
[17]
[18]
[19]
[20]
[21]

[22]
[23]
[24]

[25]
[26]

J. Horgan, Walking Away from Terrorism: Accounts of Disengagement from Radical and Extremist Movements, Routledge, 2009.

G. Selim, Approaches for countering violent extremism at home and abroad, Ann. Am. Acad. Polit. Soc. Sci. 668 (1) (2016) 94-101.

P. O’'Halloran, The challenges of evaluating attitudinal change: A case study of the effectiveness of international countering violent extremim (CVE)
programs, preprint, 2017.

C. Mastroe, S. Szmania, Surveying CVE metrics in prevention, disengagement and deradicalization programs, Report to the Office of University
Programs, Science and Technology Directorate, Department of Homeland Security, College Park, MD: START, 2016.

L. Clutterbuck, Deradicalization programs and counterterrorism: a perspective on the challenges and benefits, Understanding Deradicalization:
Pathways to Enhance Transatlantic Common Perceptions and Practices, 2015.

J. Horgan, What makes a terrorist stop being a terrorist? J. Deradic. (1) (2014) 1-4.

J. Hayward, Mathematical modeling of church growth, J. Math. Sociol. 23 (4) (1999) 255-292.

R.A. Jeffs, ]. Hayward, P.A. Roach, J. Wyburn, Activist model of political party growth, Physica A 442 (2016) 359-372.

D.M. Romero, C.M. Kribs-Zaleta, A. Mubayi, C. Orbe, An epidemiological approach to the spread of political third parties, Discrete Contin. Dyn. Syst.
Ser.B 15 (3) (2011) 707-738.

N.M. Crisosto, C.M. Kribs-Zaleta, C. Castillo-Chavez, S. Wirkus, Community resilience in collaborative learning, Discrete Contin. Dyn. Syst. Ser. B 14 (1)
(2010) 17-40.

D. McMillon, C.P. Simon, J. Morenoff, Modeling the underlying dynamics of the spread of crime, PLoS One 9 (4) (2014) e88923.

F. Mohammad, U.A.M. Roslan, Analysis on the crime model using dynamical approach, in: AIP Conference Proceedings, Vol. 1870 (1), AIP Publishing,
2017, 040067.

J. Sooknanan, B. Bhatt, D. Comissiong, A modified predator-prey model for the interaction of police and gangs, Roy. Soc. Open Sci. 3 (9) (2016) 160083.
J. Sooknanan, B. Bhatt, D. Comissiong, Catching a gang-a mathematical model of the spread of gangs in a population treated as an infectious disease,
Int. J. Pure Appl. Math. 83 (1) (2013) 25-43.

C. Castillo-Chavez, B. Song, Models for the transmission dynamics of fanatic behaviors, in: Bioterrorism-Mathematical Modeling Applications in
Homeland Security, SIAM, Philadelphia, 2003, pp. 155-172.

E.T. Camacho, The development and interaction of terrorist and fanatic groups, Commun. Nonlinear Sci. Numer. Simul. 18 (11) (2013) 3086-3097.
S. Nizamani, N. Memon, S. Galam, From public outrage to the burst of public violence: An epidemic-like model, Physica A 416 (2014) 620-630.

S. Galam, M.A. Javarone, Modeling radicalization phenomena in heterogeneous populations, PLoS One 11 (5) (2016) e0155407.

C. McCluskey, M. Santoprete, A bare-bones mathematical model of radicalization, arXiv preprint arXiv:1711.03227, 2017.

W.M. Haddad, V. Chellaboina, Q. Hui, Nonnegative and Compartmental Dynamical Systems, Princeton University Press, 2010.

P.Van den Driessche, J. Watmough, Reproduction numbers and sub-threshold endemic equilibria for compartmental models of disease transmission,
Math. Biosci. 180 (1) (2002) 29-48.

H.K. Khalil, Nonlinear Systems, Prentice-Hall, 1996.

J.P. La Salle, The Stability of Dynamical Systems, SIAM, 1976.

J.Li, Y. Xiao, F. Zhang, Y. Yang, An algebraic approach to proving the global stability of a class of epidemic models, Nonlinear Anal. RWA 13 (5) (2012)
2006-2016.

S. Lamichhane, Y. Chen, Global asymptotic stability of a compartmental model for a pandemic, ]. Egypt. Math. Soc. 23 (2) (2015) 251-255.

J-M. Hyman, T. LaForce, Modeling the spread of influenza among cities, in: H. Banks, C. Castillo-Chavez (Eds.), Bioterrorism: Mathematical Modeling
Applications in Homeland Security, SIAM, 2003, pp. 215-240.


http://refhub.elsevier.com/S0378-4371(18)30751-9/sb1
http://refhub.elsevier.com/S0378-4371(18)30751-9/sb2
http://refhub.elsevier.com/S0378-4371(18)30751-9/sb6
http://refhub.elsevier.com/S0378-4371(18)30751-9/sb7
http://refhub.elsevier.com/S0378-4371(18)30751-9/sb8
http://refhub.elsevier.com/S0378-4371(18)30751-9/sb9
http://refhub.elsevier.com/S0378-4371(18)30751-9/sb9
http://refhub.elsevier.com/S0378-4371(18)30751-9/sb9
http://refhub.elsevier.com/S0378-4371(18)30751-9/sb10
http://refhub.elsevier.com/S0378-4371(18)30751-9/sb10
http://refhub.elsevier.com/S0378-4371(18)30751-9/sb10
http://refhub.elsevier.com/S0378-4371(18)30751-9/sb11
http://refhub.elsevier.com/S0378-4371(18)30751-9/sb12
http://refhub.elsevier.com/S0378-4371(18)30751-9/sb12
http://refhub.elsevier.com/S0378-4371(18)30751-9/sb12
http://refhub.elsevier.com/S0378-4371(18)30751-9/sb13
http://refhub.elsevier.com/S0378-4371(18)30751-9/sb14
http://refhub.elsevier.com/S0378-4371(18)30751-9/sb14
http://refhub.elsevier.com/S0378-4371(18)30751-9/sb14
http://refhub.elsevier.com/S0378-4371(18)30751-9/sb15
http://refhub.elsevier.com/S0378-4371(18)30751-9/sb15
http://refhub.elsevier.com/S0378-4371(18)30751-9/sb15
http://refhub.elsevier.com/S0378-4371(18)30751-9/sb16
http://refhub.elsevier.com/S0378-4371(18)30751-9/sb17
http://refhub.elsevier.com/S0378-4371(18)30751-9/sb18
arxiv:arXiv:1711.03227
http://refhub.elsevier.com/S0378-4371(18)30751-9/sb20
http://refhub.elsevier.com/S0378-4371(18)30751-9/sb21
http://refhub.elsevier.com/S0378-4371(18)30751-9/sb21
http://refhub.elsevier.com/S0378-4371(18)30751-9/sb21
http://refhub.elsevier.com/S0378-4371(18)30751-9/sb22
http://refhub.elsevier.com/S0378-4371(18)30751-9/sb23
http://refhub.elsevier.com/S0378-4371(18)30751-9/sb24
http://refhub.elsevier.com/S0378-4371(18)30751-9/sb24
http://refhub.elsevier.com/S0378-4371(18)30751-9/sb24
http://refhub.elsevier.com/S0378-4371(18)30751-9/sb25
http://refhub.elsevier.com/S0378-4371(18)30751-9/sb26
http://refhub.elsevier.com/S0378-4371(18)30751-9/sb26
http://refhub.elsevier.com/S0378-4371(18)30751-9/sb26

	Global stability in a mathematical model of de-radicalization
	Introduction
	Equations
	Radicalization-free equilibrium and basic reproduction number  R 0 
	Global Asymptotic Stability of   x 0  for  R 0 < 1 
	Global Asymptotic Stability of the Endemic Equilibrium
	Numerical Simulations
	Discussion
	References


