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ABSTRACT — A Poisson regression model is commonly used to model count data. The Poisson model assumes equidispersion,
that is, the mean is equal to the variance. This assumption is often violated. In count data, overdispersion (the variance is larger than
the mean) occurs frequently due to excessive zeroes in the response variable. Zero-inflated Poisson (ZIP) and Hurdle models are
commonly used to fit data with excessive zeros. Although some studies have compared the ZIP and Hurdle models, the results are
inconsistent. This paper aims to evaluate the performance of ZIP and Hurdle Poisson models for overdispersion data through both
simulation study and real data. Data were simulated with three different sample sizes, six different means, and three different
probabilities of zero with 500 replications. Model goodness-of-fit measures were compared by using Akaike Information Criteria
(AIC). Overall, the ZIP model performed relatively the same or better than the Hurdle Poisson model under different scenarios, but
both ZIP and Hurdle models are better than the standard Poisson model for overdispersion in count data.
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. INTRODUCTION

A Poisson regression model is frequently used to model count data. One of the assumptions of the Poisson model
(standard Poisson Generalized Linear Model (GLM)) is that the variance is equal to the mean. However, count data
frequently deviate from the Poisson distribution due to a larger proportion of zeroes resulting in variance greater than
the mean in the observed variable which is called overdispersion [1]. In another word, excessive zeros in the count
response may cause overdispersion and result in biased inference [2].

Previous studies have found that if excessive zero is not taken into account, the unreasonable fit will be obtained for
both the nonzero and zeros counts [3]. To deal with overdispersion, Hurdle Poisson and Zero Inflated Poisson (ZIP) are
generally used [1, 4]. A review, as well as an evaluation of the performance of zero-inflated and Hurdle models for count
data, has been conducted [4]. A number of studies have compared the Zero Inflated and Hurdle models. For example,
research has concluded that Zero Inflated and Hurdle models are indiscernible in terms of goodness of fit measures
namely the Akaike information criterion (AIC) [5, 6]. Research has compared different counts models including ZIP,
Hurdle Poisson (HP), zero-inflated negative binomial (ZINB), hurdle negative binomial (HNB), Poisson, and negative
binomial (NB) models for analyzing inpatient hospitalization data of patients” psychiatric disorders [7]. They found that
the negative binomial model performed much better than the Poisson model. Furthermore, the Hurdle models are better
than Zero Inflated Models in terms of AIC, and Vuong's test [8] and hurdle negative binomial model performed the best
fit [7]. Another study also compared the ZIP model and Hurdle models by using a simulation study. They conclude that
the ZIP model may not fit the data well even when the test indicates a significant witness of zero inflation [9]. On the
other hand, research has also been studied regarding Zero-inflated and Hurdle Models of count data with excessive zeros
for modeling HIV risk [10]. They concluded that ZIP and zero-inflated negative binomial (ZINB) models performed better
than Poisson hurdle (PH) and negative binomial hurdle (NBH) models [10].

A previous study has compared six different count regression models in predicting the number of under-five death in
Ethiopia [11]. These six distinct models are Poisson, Negative Binomial (NB), Zero Inflated Poisson (ZIP), Zero-inflated
Negative Binomial (ZINB), Poisson-Logit Hurdle, and Negative Binomial-Logit Hurdle (NBLH). They identified that NB
and Poisson models are not sufficient for count response with excessive zeros. They also found that NBLH models have
a better fit for modeling the count data with overdispersion and excess zero. Furthermore, they compared the Bayesian
method and classical method and found that the Bayesian approach in estimating parameters is more robust and precise
than the classical (such as Maximum Likelihood Estimation) approach.

As the results of these studies are inconsistent, the relative performance of Zero-inflated Poisson and Hurdle Poisson
models for overdispersion data through both simulation study and real data need to be evaluated. The overall aim of this
paper is to evaluate which models are likely to be appropriate for overdispersion data under different scenarios with a
focus on ZIP and Hurdle Poisson models.
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Il. MATERIAL AND METHODS

A. Simulation study

A simulation study was designed to examine the performance of ZIP and Hurdle Poisson models for overdispersion
data. Based on the aim of this paper, 500 replicate datasets of count data were generated under 54 scenarios: three
different sample sizes (1), that are, 30, 300, and 500, six different means (u), that are, 0.3, 0.6, 1, 6, 12, and 24, and three
different probabilities of zero (r = 0.3, 1 =0.5, and 7 =0.7).

The procedure for generating the synthetic data consists of some steps. First, we considered involving two covariates
so that the independent variables X1 and X2 were randomly generated using normal distributions with three different
sample sizes, that are, n = 30, n = 300, and n = 500. Second, the dependent variable (Y) was generated using Poisson
distribution with six different means (u), that are, 0.3, 0.6, 1, 6, 12, and 24, and three different probabilities of zero (7 =0.3,
m=0.5, m=0.7). Third, the parameters of standard Poisson Generalized Linear Models (GLMs) under different scenarios
were estimated by using Maximum Likelihood Estimation (MLE). Based on the estimated parameters on standard
Poisson, the dispersion values were checked by using the R package AER, function dispersiontest in R version 3.6.3 [12].
The function dispersiontest evaluates the null hypothesis of equidispersion in Poisson distribution versus the alternative
hypothesis of overdispersion or underdispersion. Fourth, the parameters of the Zero Inflated Poisson and Hurdle Poisson
regression model were estimated by using Maximum Likelihood Estimation. In this step, the AIC values of each model
were obtained. Last, the AIC values of standard Poisson, Zero Inflated Poisson, and Hurdle Poisson models were
compared to get the best model. R code to generate data is available upon request.

B. Poisson Models

The Poisson regression model is generally used in many fields including public health to model the relationship
between independent variables and dependent variables. The dependent variable (Y) is usually the number of events
where the data is discrete and the number of events is Poisson distributed. One of the characteristics of the Poisson
distribution is that the variance equals the mean, that is,

V(Y)=EY) = .

If the variance is larger than the mean, we would have over-dispersion. However, if the variance is less than the mean,
we would have under-dispersion, and it is relatively sparse. If the over-dispersion happened and the parameters are
estimated by using Poisson regression, then the results will be inefficient [13]. Commonly, excess zeros in the data are
one of the causes of over-dispersion. Extra zeros happen when many subjects or participants do not experience any events
during the monitoring of the periods.

The Poisson Probability distribution of Y; is given as follows:
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where y; is the number of count data which is a non-negative integer, and p; is the mean of count data.

C. Zero Inflated Poisson (ZIP) model

The zero-inflated model is one of the popular models for modeling count data with extra zeros [14]. The zero-inflated
Poisson model [14] is a combination of a regular count Poisson regression model and an element that accommodates the
high occurrence of zeros. The zero-inflated model assumes that zero observations have two distinct origins namely
structural and sampling where the sampling zeros come from the usual Poisson distribution assuming that zero
observations occurred by chance.
The response variables (count data) ¥ = (Y3, Y,, ..., ¥;,)" are independent in the ZIP regression model [14] and

{ 0 with probability p;
* (Poisson (u;) with probability 1 — p;

If the count data is distributed Poisson, the ZIP model is given as follows [4, 14]:
pi + (1 —pyet if =0
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where p; is the mean of count data of the standard Poisson distribution, and p; is the probability of being an excess zero.
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D. Hurdle Poisson (HP) model

A hurdle model [15] is a two-component mixture model consisting of the probability of zero counts and a zero-
truncated Poisson distribution (a positive count component). In contrast to zero-inflated which assumed that zero
observations have two distinct origins namely structural and sampling, a hurdle model assumes that the whole zero
observations only have one origin namely “structural”.

Let the response variables of the i" count data Y;, i=1, 2, 3, ..., n, where n indicates the total number of count data. If
the count data is distributed Poisson, the probability distribution for the Hurdle Poisson is given as follows:

pi it y;=0

PY;=y) = e Hi/y;!

A-p) if y=123.,n

E. Comparing Models

The goodness-of-fit of these two models was compared using the Akaike Information Criterion (AIC) [16]. A smaller
value of AIC indicates a better model fit. AIC is based on the Maximum Likelihood Estimator (MLE) method. The formula
of AIC is given as follows:

AIC=-2L+2g
where L represents the log-likelihood, and q is the number of model parameters that is the number of variables and the
intercept in the model.

Ill. RESULTS AND DISCUSSION
A. Simulated Data

The dispersion values of the simulation study under 54 different scenarios namely three different sample sizes; 30,
300, and 500, six different means (u): 0.3, 0.6, 1, 6, 12, and 24, and three different probabilities of zero: m = 0.3, w = 0.5, and
7= 0.7 can be obtained based on the estimated parameters on standard Poisson Generalized Linear Models (GLM) and it
can be seen on Table 1.

Table 1. The dispersion values of the generated data under different scenarios

u Dispersion values
n=03 m=0.5 n=07
n=230 24 8.518190 14.66514 18.40991
12 4.984096 7.539053 9.92305
6 2.654237 3.976187 5.872537
1 1.018792 1.278355 1.824422
0.6 0.887774 0.925816 1.240138
0.3 0.943989 0.996254 1.268558
n =300 24 8.322195 13.16923 17.92736
12 4.775567 7.199179 9.656975
6 2.975343 4.166912 5.245435
1 1.469863 1.613538 1.723377
0.6 1.269158 1.302904 1.272920
0.3 1.123450 1.158888 1.135914
n =500 24 8.264605 13.18284 18.17418
12 4.711403 7.225716 9.657460
6 2.907330 4.105305 5.347267
1 1.352680 1.602214 1.815279
0.6 1.175130 1.341328 1.428738
0.3 1.059547 1.153011 1.231163

Based on Table 1, it can be seen that the dispersion values do not depend on the number of samples, but depend on
u and m values. The higher the u and 7 values, the higher the dispersion values. The AIC values for three models namely
standard Poisson, ZIP, and Hurdle Poisson under different scenarios are given in Table 2.
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Table 2. The AIC values for three Poisson, ZIP, and Hurdle Poisson models under different scenarios

AIC

N K 4 Poisson ZIP Hurdle
30 24 0.3 492.2 170.1703 170.1703
0.5 672.6 141.7778 141.7778
0.7 610.4 96.42247 96.42247
12 0.3 321.5 159.7532 159.7532
0.5 375.6 125.7752 125.7752

0.7 348.7 90.5955 90.59551
6 0.3 196.4 139.5688 139.5597
0.5 194.2 111.9903 111.9866

0.7 208.1 87.13797 87.13771

1 0.3 77.88 78.32632 80.1327
0.5 70.51 73.81056 73.05206
0.7 67.44 55.55161 61.12456
0.6 0.3 60.61 59.57188 66.21250
0.5 52.93 54.71073 56.71159
0.7 4591 49.93129 48.91696
0.3 0.3 43.43 47.94528 49.37687
0.5 41.47 44.90892 41.84016
0.7 38.32 39.43287 39.31652
300 24 0.3 4903 1651.239 1651.239
0.5 5885 1340.221 1340.221
0.7 5742 912.1925 912.1925
12 0.3 2954 1522.599 1522.599
0.5 3358 1247.346 1247.346
0.7 3119 855.6506 855.6506
6 0.3 1895 1370.011 1369.988
0.5 1961 1139.049 1139.061
0.7 1691 797.2207 797.2382
1 0.3 727.4 697.3378 698.8206
0.5 621.1 573.9492 573.8655

0.7 451.1 396.5298 397.1351
0.6 0.3 545 539.1004 541.6867
0.5 449.2 441.9961 441.1014

0.7 303.3 296.3232 297.6241
0.3 0.3 371.4 369.272 374.1139
0.5 308.1 306.6627 308.1935
0.7 208.3 209.8180 209.2676
500 24 0.3 8125 2728.905 2728.905
0.5 9931 2219.141 2219.141
0.7 9717 1544.938 1544.938

12 0.3 4914 2514.001 2514.001
0.5 5608 2064.325 2064.325
0.7 5217 1442.085 1442.085
6 0.3 3148 2270.878 2270.878
0.5 3246 1871.285 1871.277
0.7 2867 1332.327 1332.328
1 0.3 1197 1163.241 1163.259

0.5 1027 960.8013 960.85
0.7 774.3 676.3094 676.2504
0.6 0.3 894.4 892.4016 892.9387
0.5 746.3 731.4642 730.7281

0.7 544.3 521.8026 521.801
0.3 0.3 583.9 576.8232 588.4093
0.5 483.8 481.9361 483.0538
0.7 361.4 356.0369 356.0082

Based on Table 1, when u = 6, 12, and 24 whatever the values of 7, the ZIP and Hurdle models have the same
performance in terms of AIC. Furthermore, ZIP and Hurdle models also perform the same when zero probability = 0.7
and p = 0.3. Also, when zero probability = 0.5, ZIP tends to be the same as Hurdle models. However, when n = 30 and u
= 0.6, the dispersion value is close to 1, and in this case, Poisson is better than the ZIP and Hurdle Poisson models. It can
be also concluded that ZIP performed relatively better than Hurdle Poisson when zero probability () = 0.3 or if zero
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probability m = 0.7 and p = 1. Overall, when the dispersion values were more than 1 (overdispersion), the ZIP model
performed relatively the same or better than the Hurdle Poisson model under different scenarios, based on AIC.

B. Case study

The two models namely ZIP and Hurdle Poisson were applied to a case study of positive Covid-19 in Makassar city
for every district on February 14, 2021. This time was selected as it consists of many zeros in the count data. The count
data (Y) of positive Covid-19 were gathered from the Makassar city health office. We also considered including two
covariates to mimic the simulation study. Data on the height of the area in each district (X:) and data on the percentage
of population density in each district (X2) were also used. The highest number of confirmed covid cases in Makassar city
is Panakukkang district (4 cases). There are 10 districts with zero positive Covid-19 cases, namely Biringkanaya, Bontoala,
Manggala, Mariso, Rappocini, Sangkarang, Tallo, Tamalanrea, Ujung Tanah, and Wajo districts. The dispersion values
of the real data on Covid-19 and two covariates used in this case study, the dispersion values, and AIC values were given
in Table 3.

Table 3. The dispersion values of the real data on Covid-19 and two covariates, the dispersion values, and AIC values

AIC values
n u T Dispersion
Poisson ZIP Hurdle
15 0.73 0.7 1.52 43.22 42.41 42.60

Based on Table 3, the results show that the AIC values for ZIP and Hurdle models are relatively similar namely 42.41
and 42.60 respectively, but less than the AIC value of the standard Poisson distribution. This is in line with the results of
our simulation study stating that when the overdispersion occur, the ZIP model performed relatively the same or better
than the Hurdle Poisson model under different scenarios, but ZIP and Hurdle models are better than the standard Poisson
model for all given n based on AIC. These results are in agreement with some other studies stating that Zero Inflated and
Hurdle models are similar in terms of AIC [5, 6]. Another study also concluded a result somewhat similar to that found
in our study that the ZIP model performed better than the Poisson hurdle (PH) model [10].

This study used the classical approach in estimating the parameters of Poisson, the Zero Inflated Poisson, and Hurdle
Poisson regression. It is acknowledged that using other approaches such as the Bayesian approach may have different
results.

IV. CONCLUSION

Overall, the performance of Zero Inflated Poisson is relatively the same or better than the Hurdle Poisson model
under different scenarios, but ZIP and Hurdle models are better than the standard Poisson for count data with
overdispersion. The real data used in this study have the same conclusion as the simulation study. Considering other
models to fit data with excessive zeros such as Zero Inflated Negative Binomial and Hurdle Negative Binomial as well
Bayesian approach for estimating the parameters of the model could be possible future work.
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