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ABSTRACT ⎯  Indonesia’s diverse topography, consisting of coasts, lowlands, highlands, and mountains, results in a wide range 

of weather and climate conditions, enabling various hydrological phenomena such as extreme rainfall, hurricanes, high 

temperatures, and storms. In recent years, global warming has emerged as a major environmental concern, with one of its significant 

impacts being climate change. This, in turn, increases the frequency and intensity of extreme hydrological events, potentially 

causing floods, transportation and communication disruptions, infrastructure damage, agricultural losses, and threats to human life. 

This study aims to identify the best model and estimate the return levels of extreme rainfall in Ngawi Regency from March 1990 to 

November 2022 using spatial extreme value analysis with max-stable processes and the extremal-t process. Daily rainfall data from 

1990 - 2018 were used for model training, while data from 2018 - 2022 were allocated for model testing to validate predictive 

performance. Parameter estimation was conducted using Maximum Likelihood Estimation (MLE) and Maximum Pairwise 

Likelihood Estimation (MPLE), solved through the Broyden-Fletcher-Goldfarb-Shanno (BFGS) Quasi-Newton numerical iteration 

method. The analysis shows that the best trend surface model has average rainfall and variance influenced by latitude, while the 

distribution shape is unaffected by latitude or longitude, indicating isotropy. Furthermore, the return level prediction demonstrates 

higher accuracy when applied over a three-year period. 

Keywords ⎯ Extremal-t Process, Extreme Rainfall, Maximum Pairwise Likelihood Estimation, Max-Stable Processes, Return Level. 

 

I. INTRODUCTION 
Indonesia’s geographic position in the tropics, between two continents and two oceans, and crossed by the equator, 

causes its territory to have a high diversity of weather and climate. In addition, the topographic conditions of Indonesia, 

which are mountainous, hilly, and coastal areas, become local factors that contribute to the diverse climate conditions [1]. 

As a result of being crossed by the equator, Indonesia has two seasons alternately on certain months. However, with the 

advancement of technology, the seasons have shifted and are hard to predict. Nowadays, climate change has become an 

important issue discussed in environmental problems as one of the impacts of global warming. Climate change is causing 

changes in rainfall patterns, the length of rainy seasons, shifts in the start of rainy seasons, and an increase in extreme 

climate events that impact the agricultural sector [2].  

In addition, climate change also affects the occurrence of hydrometeorological disasters such as tropical cyclones, 

thunderstorms, ice storms, extreme rainfall, flooding, frost, and cold temperatures [3], and increases the frequency and 

intensity of extreme hydrological events [4]. A recent national-scale study based on long-term CHIRPS v2.0 satellite data 

from 1981 to 2023 revealed significant upward trends in the frequency and intensity of extreme rainfall events across 

several Indonesian regions, particularly Sulawesi, Maluku, and Papua [5]. Although spatial disparities exist, these 

findings confirm that Indonesia is experiencing intensifying rainfall extremes, emphasizing the need for localized studies 

in regions such as Java, including Ngawi to better understand spatial rainfall behavior and anticipate regional climate 

risks. Furthermore, future projections using 24 global climate models from the Coupled Model Intercomparison Project 

Phase 6 (CMIP6) indicate that extreme rainfall and prolonged dry periods in Indonesia will intensify throughout the 21st 

century [6]. These changes are expected to vary seasonally and spatially, with Java projected to experience more frequent 

and intense rainfall events, posing significant risks to its densely populated areas. These findings underscore the urgency 

of region-specific studies and risk mitigation strategies in Java. 

Extreme events tend to follow certain cycles, yet remain difficult to predict precisely. Therefore, specialized statistical 

methods are required to analyze such phenomena, particularly extreme rainfall. One such method is Extreme Value 

Theory (EVT), which has been widely applied in climate studies. As EVT developed, its application expanded into spatial 

domains to account for the spatial dependence among multiple locations, especially in areas within similar monsoon 

zones that are assumed to share homogeneous rainfall characteristics. This spatial extension is known as Spatial Extreme 

Value (SEV) analysis. In SEV, extreme values can be identified through the block maxima and peaks over threshold 

methods [7], where block maxima data follows the Generalized Extreme Value (GEV) distribution. Spatial modeling of 

GEV parameters can be performed using Max-Stable Process (MSP) [8], an infinite dimensional extension of the 

multivariate extreme value distribution [9]. MSP transforms marginal distributions into the Frechet scale and models 

spatial dependencies. Several approaches have been developed under MSP, including Smith’s storm profile, Schlather, 

Brown-Resnick, geometric Gaussian, and the extremal-t process [10], the latter being an extension of the Schlather model 

and recently applied in extreme rainfall projection studies [11]. Additionally, large-scale climate phenomena such as the 

El Niño–Southern Oscillation (ENSO) and the Indian Ocean Dipole (IOD) have been shown to significantly influence 

spatial patterns of rainfall extremes across Indonesia [12]. 
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Research by [13] modeled extreme rainfall in central Russia by comparing the Schlather, Smith, Brown-Resnick, and 

extremal-t models, and showed that the extremal-t process with a Whittle-Matern correlation function performed best 

based on Takeuchi Information Criterion (TIC). Similarly, [14] modeled extreme snow depth in Austria and found that 

the extremal-t model outperformed other max-stable models, yielding the lowest TIC values. Furthermore, [11] 

demonstrated that the extremal-t model not only achieved the minimum TIC but also reproduced the spatial dependence 

of extreme precipitation more accurately than GCM–RCM simulations, showing the lowest RMSE in both summer and 

winter. These findings reinforce the robustness of the extremal-t process, supporting its application in the current study 

to model spatial extremes in Indonesian rainfall data. A separate study in the Nelson Churchill River Basin (NCRB) also 

confirmed that the extremal-t max-stable model effectively captured spatial dependencies of annual maximum 

precipitation, with topography, coordinates, and even temporal trends (e.g., climate change) proving to be important 

covariates [15]. 

The estimation method for the parameters in this research is Maximum Likelihood Estimation (MLE). [16] developed 

a parameter estimation method for MSP using a likelihood method with a pairwise function called Maximum Pairwise 

Likelihood Estimation (MPLE). The estimation parameters process with the likelihood method does not always generate 

closed-form equations, so it needs to be solved by numerical iteration methods, such as Broyden-Fletcher-Goldfarb-

Shanno (BFGS) Quasi-Newton which has fast convergence properties. Based on the discussion above, research will be 

conducted with SEV modeling through the MSP approach using the extremal-t process with BFGS Quasi-Newton 

numerical iteration method applied to extreme rainfall data from nine observation stations in Ngawi regency in 1990 – 

2022.   

II. LITERATURE REVIEW 
A. Spatial Extreme Value 

Applied statistical methods that develop techniques and modeling to describe extreme events is Extreme Value 

Theory (EVT). One of the key features that distinguish EVT from other analyses is its aim to measure the stochastic 

behavior of extreme events, both maximum and minimum [17]. In its application, extreme events, especially 

environmental phenomena, have a spatial aspect, with similarities between events in one location and those in the 

surrounding area. 

Spatial Extreme Value (SEV) is analyzed through Multivariate Extreme Value (MEV), with the spatial aspect is 

considered a multivariate variable. Then observations will be taken from several neighboring locations. Let 𝑀(𝑠, 𝑡) 

represent extreme event data at location s and block period t, in the spatial domain D ⸦ ℝ2. The distribution of 𝑀(𝑠, 𝑡)  

is shown below. 

𝑀(𝑠, 𝑡)~𝐺𝐸𝑉(𝜇(𝑠, 𝑡), 𝜎(𝑠, 𝑡), 𝜉(𝑠, 𝑡)) 

 

where 𝜇(𝑠, 𝑡), 𝜎(𝑠, 𝑡), 𝜉(𝑠, 𝑡) are the parameter of location, scale, and shape of the GEV distribution.  

 

Cumulative Distribution Function (CDF) for GEV is given in the equation (1) [18]. 

 

𝐹(𝑦; 𝜇, 𝜎, 𝜉) =

{
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Probability Density Function (PDF) for GEV distribution is shown in the equation (2).  
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with 𝑦 is observation variable, 𝜇 is parameter of location (−∞ < 𝜇 < ∞), 𝜎 is parameter of scale (𝜎 > 0), and 𝜉 is 

parameter of shape (−∞ < 𝜇 < ∞). Based on the shape parameter value, the GEV distribution classified into three 

types, there are:  

a. Type I – Gumbel distribution, if 𝜉 = 0 

b. Type II – Frechet distribution, if 𝜉 > 0  

c. Type III – Weibull distribution, if 𝜉 < 0 
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If 𝜉 > 0, then extreme values will be distributed to Frechet with PDF as follows.     

 

𝑓(𝑦; 𝜇, 𝜎, 𝜉) =
1

𝜎
exp(−(
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𝜎
)
−
1
𝜉
)
1

𝜉
(
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𝜎
)
−
1
𝜉
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 (3) 

 

CDF of Frechet distribution is shown in the equation (4) below.        

 

𝐹(𝑦; 𝜇, 𝜎, 𝜉) = exp(−(1 + 𝜉 (
𝑦 − 𝜇

𝜎
))

−
1
𝜉

) , 𝑦 > 𝜇 (4) 

 

A transformation to the Frechet marginal unit is performed by standardizing Y as Z through equation (5) [16].      

  

𝑍 = (1 + 𝜉 (
𝑦 − 𝜇

𝜎
))

1
𝜉

 (5) 

         

Thus, the CDF of Frechet distribution is obtained in the following equation (6).  

𝐹(𝑧) = exp (−
1

𝑧
) , 𝑧 > 0 (6) 

If there are many locations under observations, then MEV analysis becomes difficult because the distribution is low-

dimensional or limited. To solve this, the Max-Stable Processes approach is used. 

 
B. Max-Stable Processes 

 Max-Stable Processes (MSP) generates from the generalization of EVT as an infinite-dimensional extension of 

MEV, where the observation sample is taken from the maximum value at each spatial process location [9]. MSP 

transforms the marginal distribution of extreme values into a Fréchet distribution. Let {𝑌𝑖(𝑠), 𝑠 ∈ ℝ
𝑑 , 𝑖 = 1,2,… , 𝑛} 

represent a stochastic process that is independent on the set Y. If there is a series of continuous function 𝑎𝑛(𝑠) > 0 

and 𝑏𝑛(𝑠) ∈ ℝ, so that  

 

𝑍(𝑠) = lim
𝑛→∞

max
𝑖=1

𝑌𝑖(𝑠) − 𝑏𝑛(𝑠)

𝑎𝑛(𝑠)
, 𝑛 → ∞, 𝑠 ∈ ℝ𝑑 

 

Hence the stochastic process {𝑍(𝑠), 𝑠 ∈ ℝ𝑑} is MSP [19]. If 𝑎𝑛(𝑠) = 𝑛 and 𝑏𝑛(𝑠) = 0, then 𝑍(𝑠) is simple MSP with 

Frechet marginal unit that explained through the following equation. 

 

𝑍(𝑠) = max
𝑖≥1

{𝑈𝑖𝑊𝑖(𝑠)} , 𝑠 ∈ 𝑆 

 

where {𝑈𝑖} are infinite number of points of Poisson process on (0,∞) × ℝ𝑑 with measurement intensity 𝑑⋀(𝑈) =

𝑈−2𝑑𝑈, and 𝑊𝑖(𝑠) are independent realizations of a non-negative stochastic process 𝑊(𝑠). The general equation for 

Max-Stable Processes can be formulated into several approaches, there are Smith, Schlather, Brown-Resnick, Gaussian 

geometric, and extremal-t.  

 
C. Extremal-t Process 

Extremal-t is a family of Max-Stable Processes that stems from the development of Schlather. A stationary Max-

Stable Processes with a Frechet marginal unit for extremal-t is defined in the following equation [10]. 

 

𝑍(𝑠) = 𝑐𝑟max
𝑖≥1

{𝑈𝑖𝑉𝑖(𝑠)
𝑟} , 𝑟 ≥ 1, 𝑠 ∈ 𝑆 

 

where 𝑐𝑟 = 𝜋
1/22−(𝑟−2)/2Γ((𝑟 + 1)/2)

−1
, {𝑈𝑖} is infinite number of points of Poisson process on (0,∞) × ℝ𝑑 , 𝑉(𝑠) is a 

standard Gaussian process with correlation function 𝜌, and Γ represent gamma function.  

 

The bivariate CDF of extremal-t process is shown in the equation (7) below [20]. 
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where 𝑇𝑟+1 is CDF of univariate Student-t distribution with degree of freedom 𝑟 + 1 and 𝑏2 =
(1−𝜌(ℎ)2)

(𝑟+1)
 

This research uses correlation functions for spatial data based on distance measurements. There are several correlation 

functions (𝜌(ℎ)) that come from the parametric family that can be used, such as Whittle-Matern, Cauchy, powered 

exponential, and Bessel [19]. 

 
D. Block Maxima 

Generally, there are two ways to identify extreme values, using block maxima and peaks over threshold. The block 

maxima method is performed by selecting the maximum value of a variable grouped into several blocks based on a 

certain period, such as months or years. The selected values from each block are the extremes.  

The block maxima method is based on the classical extreme value theorem, which states that the maximum of a 

sequence of independent and identically distributed random variables converges to a Generalized Extreme Value 

(GEV) distribution [21], [22]. If there are constants 𝑎𝑛 > 0 and 𝑏𝑛 such that, 

 

𝑃 (
𝑀𝑛 − 𝑏𝑛
𝑎𝑛

≤ 𝑦) → 𝐺(𝑦) when 𝑛 → ∞ 

 

where 𝑀𝑛 = 𝑚𝑎𝑥 {𝑌1, 𝑌2, … , 𝑌𝑛} and 𝐺 is a non-degenerate distribution function. There are three possible distributions 

for 𝐺: Gumbel, Frechet, or Weibull. The generalization of these three distributions is the Generalized Extreme Value 

(GEV) [7]. 

 
 
E. Maximum Likelihood Estimation (MLE) 

The parameters of GEV distribution can be estimated through several methods, one of them is using MLE. The main 

principle of MLE is to maximize the likelihood function of the GEV distribution’s PDF, where the likelihood function 

is the joint probability function of 𝑦1, 𝑦2, … , 𝑦𝑛. Based on the MLE method, the likelihood function for GEV in the 

equation (2) with 𝜉 ≠ 0 can be shown through equation (8) below. 

  

𝐿(𝜇, 𝜎, 𝜉) =∏𝑓(𝑦𝑖; 𝜇, 𝜎, 𝜉)

𝑛

𝑖=1

 (8) 

 

The likelihood function in equation (8) is denoted as 𝐿(𝜇, 𝜎, 𝜉) = 𝐿(𝜽), where 𝜽 = [𝜇 𝜎 𝜉]𝑇. The next step is 

maximizing the likelihood function by taking the ln form of equation (8), then calculating the first derivative of the ln 

likelihood function for each parameter, and equating it to zero.  

 

Necessary conditions   : 
𝜕 ln(𝐿(𝜽))

𝜕𝜽
= 0, so obtained 𝜽̂ 

Sufficient conditions    : 
𝜕2 ln(𝐿(𝜽))

𝜕𝜽 𝜕𝜃𝑇
= 𝑯(𝜽), that is called Hessian matrix. 

 
F. Maximum Pairwise Likelihood Estimation (MPLE) 

The method for estimating parameters in MSP uses a pairwise density function that is analyzed through MPLE [23]. 

The parameter estimation result of MPLE will be used to arrange trend surface models in the form of multiple 

regression equations with longitude and latitude as explanatory variables. The trend surface model is expressed in 

the following equation (9). 

 
 

𝜇(𝑠) = 𝛽0,𝜇 + 𝛽1,𝜇𝑢(𝑠) + 𝛽2,𝜇𝑣(𝑠)  

 𝜎(𝑠) = 𝛽0,𝜎 + 𝛽1,𝜎𝑢(𝑠) + 𝛽2,𝜎𝑣(𝑠) (9) 

 𝜉(𝑠) = 𝛽0,𝜉  

 

 Furthermore, equation (9) is written into matrix form as follows. 

 
𝜇(𝑠) = 𝒅𝑇𝜷𝝁 𝜎(𝑠) = 𝒅𝑇𝜷𝝈 𝜉(𝑠) = 𝛽𝜉 = 𝛽0,𝜉 
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 where, 

 

   𝒅𝑇 = [1 𝑢(𝑠) 𝑣(𝑠)], 𝜷𝝁 = [𝛽0,𝜇 𝛽1,𝜇 𝛽2,𝜇] 𝜷𝝈 = [𝛽0,𝜎 𝛽1,𝜎 𝛽2,𝜎] 

𝑢(𝑠) = Longitude of location s   

𝑣(𝑠) = Latitude of location s   

 

The parameter of 𝜷, where 𝜷 = [𝜷𝝁
𝑇 𝜷𝝈

𝑇 𝛽𝜉]
𝑇

 is estimated according to the PDF of each MSP approach through 

MPLE method by replacing 𝐿(𝜷) function in MLE with the pairwise likelihood function 𝐿𝑝(𝜷) in equation (10). 

 

𝐿(𝜷) =∏∏ ∏ 𝑓(𝑦𝑗𝑖 , 𝑦𝑘𝑖 ;𝜷)

𝑚

𝑘=𝑗+1

𝑚−1

𝑗=1

𝑛

𝑖=1

 (10) 

 

 where 𝑓(𝑦𝑗𝑖 , 𝑦𝑘𝑖;𝜷) is bivariate PDF with 𝜷 parameter and 𝑖 = 1,2,… , 𝑛 is observations on each variable. 

The parameter estimation of 𝜷 can be obtained when the likelihood function is formed according to 𝑓(𝑦𝑗𝑖 , 𝑦𝑘𝑖). 

Therefore, the function of 𝑓(𝑦𝑗𝑖 , 𝑦𝑘𝑖; 𝜷) needs to be formed first using 𝑓(𝑧𝑗𝑖 , 𝑧𝑘𝑖) through equation (11).  

 

𝑓𝑌𝑗𝑖,𝑌𝑘𝑖(𝑦𝑗𝑖 , 𝑦𝑘𝑖;𝜷) = 𝑓(𝑧𝑗𝑖 , 𝑧𝑘𝑖)|𝐽(𝑦𝑗𝑖 , 𝑦𝑘𝑖)| (11) 

 

where, 

|𝐽(𝑦𝑗𝑖 , 𝑦𝑘𝑖)| =
1

𝜎𝑗𝑖  𝜎𝑘𝑖
(1 + 𝜉𝑗𝑖 (

𝑦𝑗𝑖 − 𝜇𝑗𝑖

𝜎𝑗𝑖
))

1
𝜉𝑗𝑖
−1

(1 + 𝜉𝑘𝑖 (
𝑦𝑘𝑖 − 𝜇𝑘𝑖
𝜎𝑘𝑖

))

1
𝜉𝑘𝑖
−1

 

 
 
G. Broyden-Fletcher-Goldfarb-Shanno (BFGS) Quasi-Newton 

Maximum Likelihood Estimation (MLE) for this model does not yield parameter estimates in closed form, requiring 

a numerical iterative procedure. Among various optimization algorithms, the BFGS Quasi-Newton method is widely 

used and is named after its developers Broyden, Fletcher, Goldfarb, and Shanno [19]. The Newton method itself 

updates parameters using derivative information derived from a Taylor series expansion. The iteration formula for 

the BFGS Quasi-Newton method is given as follows.     

            

𝜷(𝑘+1) = 𝜷(𝑘) + 𝛼(𝑘)𝒔(𝜷(𝑘)) (12) 

       

where 𝛼(𝑘) is the step size that minimizes the objective function.  

𝛼(𝑘) = argmin (𝑓 (𝜷(𝑘) + 𝛼(𝑘)𝒔(𝜷(𝑘)))) =
𝒔(𝜷(𝑘))

𝒔(𝜷(𝑘))𝑇𝑯(𝜷(𝑘))𝒔(𝜷(𝑘))
 

𝒔(𝜷(𝑘)) = −𝑯(𝜷(𝑘))
−𝟏
𝒈(𝜷(𝑘)) 

𝜷(𝑘) : initial value, starting with 𝑘 = 0 

𝑯(𝜷(𝑘))
−1

 : inverse of Hessian matrix 

𝒈(𝜷(𝑘)) : vector whose elements contain the first derivatives of the ln likelihood function for each parameter 

 

In the BFGS Quasi-Newton method, the Hessian matrix 𝑯(𝜷(𝑘)) is replaced with an estimation that is a positive 

definite matrix and has similar properties to the Hessian matrix 𝑯(𝜷(𝑘)). 

 

𝑯(𝜷(𝑘+1)) = 𝑯(𝜷(𝑘)) + (1 +
Δ𝒈(𝜷(𝑘))

𝑇
𝑯(𝜷(𝑘))𝛥𝒈(𝜷(𝑘))

Δ𝒈(𝜷(𝑘))𝑇Δ𝜷(𝑘)
)

Δ𝜷(𝑘)Δ(𝜷(𝑘))
𝑇

Δ(𝜷(𝑘))𝑇𝛥𝒈(𝜷(𝑘))
 

−
𝑯(𝜷(𝑘))Δ𝒈(𝜷(𝑘))Δ(𝜷(𝑘))

𝑇
+ (𝑯(𝜷(𝑘))Δ𝒈(𝜷(𝑘))Δ(𝜷(𝑘))

𝑇
)
𝑇

Δ𝒈(𝜷(𝑘))𝑇Δ𝜷(𝑘)
 

  

Iteration is done until ‖𝜷(𝑘+1) − 𝜷(𝑘)‖ ≤ 𝑒 where e is a very small number. The first step in the BFGS Quasi-Newton 

method is arranging the second derivative of ln likelihood function for each parameter and taking the derivative of 

the ln likelihood function for the combination parameter. 
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H. Anderson-Darling Test 

An extreme event can be considered max-stable if and only if it follows a Generalized Extreme Value (GEV) 

distribution. To verify this, a goodness-of-fit test was performed using the Anderson-Darling test under the following 

hypotheses [24]. 

 𝐻0: 𝐹(𝑌) = 𝐹
∗(𝑌) (Data follows GEV distribution) 

 𝐻1: 𝐹(𝑌) ≠ 𝐹
∗(𝑌) (Data does not follow GEV distribution) 

 

𝐴2 = −
∑ ((2𝑖 − 1)(ln𝐹∗(𝑦𝑖) + ln(1 − 𝐹

∗(𝑦𝑛+1−𝑖))))
𝑛
𝑖=1

𝑛
− 𝑛 (13) 

 

where, 
𝐹(𝑌) : cumulative distribution function of sample data 
𝐹∗(𝑌) : theoretical cumulative distribution function 
𝑛 : sample size 

 

Test criteria: with a significance level of α, the decision will reject 𝐻0 if the value of 𝐴2 > 𝐴𝑡𝑎𝑏𝑙𝑒
2  or p − value < 𝛼. 

 
I. Spatial Dependency 

Measuring spatial dependency in extreme data can be done through the extremal coefficient 𝜃(ℎ) and madogram. 

The extremal coefficient value of 𝜃(ℎ) ∈ [1,2] indicates a measure of the strength of spatial dependence, where 𝜃(ℎ) =

1 it is fully dependent, while 𝜃(ℎ) = 2 it is independent. The extremal coefficient for the extremal-t process depends 

on the value of r [25]. The paired extremal coefficients for the extremal-t process are defined by Equation (9) below 

[20]. 

 

𝜃(ℎ) = 2𝑇𝑟+1(√
𝑟 + 1

1 − 𝜌(ℎ)2
−√

1 − 𝜌(ℎ)2

𝑟 + 1
𝜌(ℎ)) (14) 

𝑇𝑟(. |𝜇, 𝜉) is the CDF of the student-t distribution with parameters of 𝜇, 𝜉, 𝑟 (location, shape, and independent degree 

parameters, respectively). 

The madogram requires the first moment to be infinite which is not always the case for extreme data, to overcome 

this [26] introduced a modified madogram by transforming the random variable using the extreme value distribution 

function. If is max-stable stationary with Frechet distribution, then its F-madogram is defined as follows. 

 

𝑣𝐹(ℎ) =
1

2|𝑁(ℎ)|
∑ |𝐹 (𝑍(𝑠𝑗 + ℎ)) − 𝐹 (𝑍(𝑠𝑗))|

𝑁(ℎ)

𝑗=1

 (15) 

 

where 𝑣𝐹(ℎ) is the F-madogram at lag h, 𝑠𝑗 is the location of the 𝑗𝑡ℎ observation point, 𝑍(𝑠𝑗) is the observation value 

at the 𝑠𝑗, h is the distance between two locations, (𝑠𝑗, 𝑠𝑗 + ℎ) is the pair of data that is h apart, and 𝑁(ℎ) is the number 

of pairs of locations that are h apart. The relationship between the extremal coefficient and the F-madogram can be 

seen in the following equation [26]. 

 

2𝑣𝐹(ℎ) =
𝜃(ℎ) − 1

𝜃(ℎ) + 1
 

 

If the value of 𝜃(ℎ) ∈ [1,2], then the value of 𝑣𝐹(ℎ) will be in the range of 0 to 0.167. The value of 𝑣𝐹(ℎ) = 0 indicates 

that there is full dependency between pairs of locations, while 𝑣𝐹(ℎ) = 0.167 are independent. 
 
J. Takeuchi Information Criterion 

The estimation parameter of max-stable processes generates the value of 𝜷̂ that is used to form trend surface model 

as a linier model of combination of longitude and latitude coordinate of a location with parameter of 𝜷. Selection of 

the best model based on the smallest TIC value with the following equation [16]. 

 

𝑇𝐼𝐶 = −2ℓ𝑝(𝜷̂) + 2𝑡𝑟 (𝑯(𝜷̂)
−1
𝑱(𝜷̂)) (16) 

 

ℓ𝑝(𝜷̂) is ln pairwise likelihood function of ∑ ∑ ∑ ln (𝑓(𝑧𝑗𝑖 , 𝑧𝑘𝑖; 𝜷̂))
𝑚
𝑘=𝑗+1

𝑚−1
𝑗=1

𝑛
𝑖=1 ; 𝑯(𝜷̂) is Hessian matrix; −𝑯−1(𝜷̂) shows 

the variance of parameter vector which is estimated, and 𝐽 is square score statistic. 

 



 
 299 
 

 

Department of Statistics, Institut Teknologi Sepuluh Nopember  

                   INFERENSI, Vol. 8(3), November. 2025. ISSN: 0216-308X (Print) 2721-3862 (Online) 
 

DOI: 10.12962%2Fj27213862.v8i3.23351 

 

K. Significance Test 

Test of statistical significance parameter that fitted to spatial data is Wald test. This test can be used int the 

significance of the model coefficient partially with the following hypothesis [27]. 

 𝐻0: 𝛽𝑞 = 0 (Parameter is not significant)  

 𝐻1: 𝛽𝑞 ≠ 0, with 𝑞 = 𝜇, 𝜎, 𝜉 (Parameter is significant) 

 

𝑊𝑎𝑙𝑑𝑞 =
𝛽̂𝑞
2

𝑣𝑎𝑟̂(𝛽̂𝑞)
~
𝑛→∞

𝜒1
2 (17) 

 

𝑣𝑎𝑟̂(𝛽̂𝑞) is major diagonal of matrix 𝑣𝑎𝑟̂(𝜷̂) ≅  −𝑯−1(𝜷̂), where 𝑯(𝜷̂) is second derivative of ln pairwise likelihood 

function of 𝜷̂ estimation. Decision criteria: H0 is rejected if value of 𝑊𝑎𝑙𝑑𝑞 > 𝜒2(𝛼,1) or p-value < α. 

 
L. Return Level 

Return level is the expected value to be achieved in the upcoming period [11]. This value indicates the probability 

of an extreme event occurring within a certain period. The return level at location s is denoted by 𝑧𝑝(𝑠) that estimated 

through equation (18).  

 

𝑧𝑝(𝑠) = 𝜇̂(𝑠) −
𝜎̂(𝑠)

𝜉(𝑠)
(1 − (− ln (1 −

1

𝑇
))
−𝜉̂(𝑠)

) (18) 

 

 T is return period in years; 𝜇̂(𝑠), 𝜎̂(𝑠), 𝜉(𝑠) is estimation value of location, scale, and shape parameter at location s. 
 
M. Root Mean Square Error 

Root Mean Square Error (RMSE) is used as a measure of the goodness of the parameter estimation results. This 

measurement is carried out by calculating the difference between estimation value and the actual value obtained from 

the testing data. RMSE can be calculated through the following equation [28]. 

 

𝑅𝑀𝑆𝐸 = √
∑ (𝑦𝑗 − 𝑦̂𝑗)
𝑚
𝑗=1

2

𝑚
 (19) 

 

 where, 

 𝑦𝑗 : actual value of rainfall 

 𝑦̂𝑗 : prediction value 

 m : number of locations 
 
N. Extreme Rainfall 

Extreme rainfall refers to precipitation with an intensity that exceeds the usual upper limit observed at a given 

location within specific time units, such as minutes, hours, days, or months. Such events are typically associated with 

the development of large cumulonimbus clouds that extend into the upper atmosphere. These clouds may also be 

accompanied by strong winds, hail, and even tornadoes [3]. The wet climate in Indonesia is classified into three types 

of rainfall patterns, such as tropical monsoonal climate, equatorial climate, and local climate [29]. 

 
O. Seasonal Zones (ZOM) 

Climatologically, the territory of Indonesia can be classified according to the distribution pattern of the average 

monthly rainfall into:  

a. Areas that have climatologically clear boundaries between the wet and dry seasons are called the seasonal zone 

(ZOM). 

b. Areas that do not have clear climatological boundaries between the wet and dry seasons are called non seasonal 

zones (Non-ZOM). 

III. METHODOLOGY 
A. Data Source 

This study employed the Max-Stable Processes method, specifically the extremal-t process approach, to model 

extreme rainfall in Ngawi Regency. Daily rainfall data were obtained from the Meteorology, Climatology, and 

Geophysics Agency (BMKG) for the period March 1990 to November 2022, recorded at nine observation stations: 

Gemarang, Guyung, Kedungprahu, Kendal, Kricak, Legundi, Paron, Tretes, and Widodaren. Extreme events were 

identified using the block maxima method, resulting in data that follow the Generalized Extreme Value (GEV) 

distribution. 
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The dataset was divided into two subsets: 

a. Training data: daily rainfall from 1990–2018, used for model estimation. 

b. Testing data: daily rainfall from 2018–2022, used for model validation. 

 
B. Step of Analysis 

The analysis was carried out through the following steps: 

1. Descriptive statistical analysis to explore the characteristics and patterns of rainfall in Ngawi Regency. 

2. Distribution identification for each station to detect heavy-tailed behavior and extreme values using histograms. 

3. Extreme value extraction using the block maxima method, grouping the data into four seasonal blocks: December–

January–February (DJF), March–April–May (MAM), June–July–August (JJA), and September–October–

November (SON). 

4. Parameter estimation of the univariate GEV distribution. 

5. Goodness-of-fit testing of the GEV distribution using the Anderson–Darling test. 

6. Transformation to the Fréchet distribution. 

7. Spatial dependence analysis using the extremal coefficient plot and F-madogram plot. 

8. Bivariate GEV parameter estimation for extreme rainfall data using Maximum Pairwise Likelihood Estimation.  

9. Trend surface model selection by comparing candidate models and choosing the one with the smallest Takeuchi 

Information Criterion (TIC) value. 

10. Parameter significance testing using the Wald test. 

11. Prediction of extreme rainfall at each observation station for specified periods by calculating the return level. 

12. Model accuracy assessment by calculating the RMSE between the predicted return levels and the testing data. 

IV. RESULTS AND DISCUSSIONS 
A. Description of Rainfall in Ngawi Regency 

Daily rainfall data in Ngawi can be described through descriptive statistical analysis as shown in Table 1. Most 

observation stations have rainfall of around 4.669 mm/day – 6.069 mm/day, with the highest average intensity being 

at Kendal station. 
Table 1 Descriptive Statistics of Daily Rainfall 

Observation Stations Minimum Maximum Mean Std. Deviation 

Gemarang 0 160 4.963 13.697 

Guyung 0 168 5.860 15.856 

Kedungprahu 0 151 4.669 12.881 

Kendal 0 158 6.069 14.928 

Kricak 0 156 5.128 12.83 

Legundi 0 201 6.054 15.698 

Paron 0 190 5.143 14.349 

Tretes 0 185 4.685 13.074 

Widodaren 0 282 5.858 15.668 

 

According to BMKG, extreme rainfall occurs when daily rainfall intensity exceeds 150 mm/day. As indicated by the 

maximum daily rainfall values in Table 1, all observation stations in Ngawi Regency recorded intensities above this 

threshold. The variability of rainfall intensity at each station can be identified through the standard deviation values. 

Guyung Station exhibits the highest variability, with a standard deviation of 15.856, indicating that daily rainfall at 

this station fluctuates more widely compared to the other stations. A visual depiction of the rainfall distribution is 

presented in the histogram below. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 1 Histogram of Daily Rainfall 



 
 301 
 

 

Department of Statistics, Institut Teknologi Sepuluh Nopember  

                   INFERENSI, Vol. 8(3), November. 2025. ISSN: 0216-308X (Print) 2721-3862 (Online) 
 

DOI: 10.12962%2Fj27213862.v8i3.23351 

 

Figure 1 shows that the distribution curve is right-skewed, with a high concentration of observations near zero. This 

pattern indicates a heavy-tailed distribution, making the data appropriate for analysis using Extreme Value Theory 

(EVT). 

 
B. Identification of Extreme Values using Block Maxima 

Extreme value identification in this study was performed using the block maxima method. Based on the monsoonal 

rainfall pattern in Ngawi Regency, blocks were defined as three-month periods: December–January–February (DJF), 

March–April–May (MAM), June–July–August (JJA), and September–October–November (SON). The training data 

were segmented into blocks from March 1990 to November 2018, resulting in a total of 115 blocks. From each block, 

the maximum rainfall value was extracted as the sample. 

 
C. Estimation Parameter of Univariate GEV 

Selected extreme data samples will be analyzed to estimate parameters at each observation station using the MLE 

method. The results of the univariate GEV parameter estimation are presented in Table 2. 

 
Table 2 Parameter Estimation of Univariate GEV 

Observation Stations 𝝁̂(𝒔) 𝝈̂(𝒔) 𝝃̂(𝒔) 

Gemarang 52.114 34.865 -0.251 

Guyung 59.730 40.717 -0.343 

Kedungprahu 44.502 33.978 -0.266 

Kendal 60.619 35.830 -0.307 

Kricak 47.472 32.464 -0.214 

Legundi 51.235 36.234 -0.169 

Paron 53.285 37.303 -0.202 

Tretes 47.381 36.189 -0.141 

Widodaren 58.210 32.222 -0.081 

 

Parameter 𝜇(𝑠) indicates the central tendency of the data. The estimated value is highest at Kendal station, which 

means that the intensity of extreme rainfall at this station tends to be greater than at other stations. Parameter 𝜎(𝑠) 

represents the variability of the data, with Guyung Station having the largest variability value. In addition, the shape 

parameter 𝜉(𝑠) describes the right-tail behavior of the data distribution. A greater 𝜉(𝑠) value indicates a more slowly 

decaying right tail, resulting in a thicker (heavy) tail. A heavy tail in data distribution increases the likelihood of 

extreme rainfall events. All observation stations have 𝜉 < 0 , which requires a transformation to the Frechet 

distribution (𝜉 > 0 ). 

 
D. Goodness of Fit Test for Distribution 

Extreme rainfall can be analyzed using MSP if the data follows a GEV distribution. Therefore, it is necessary to test 

the goodness of fit of the data distribution using the Anderson-Darling test with the following hypothesis. The results 

of the goodness of fit test are presented in Table 3. 

 
Table 3 Anderson-Darling Test 

Observation Stations 𝑨𝟐 𝑨𝟐𝟎.𝟎𝟐𝟓 Decision 

Gemarang 0.735 3.078 Failed to Reject H0 

Guyung 0.926 3.078 Failed to Reject H0 

Kedungprahu 1.428 3.078 Failed to Reject H0 

Kendal 0.933 3.078 Failed to Reject H0 

Kricak 0.646 3.078 Failed to Reject H0 

Legundi 1.363 3.078 Failed to Reject H0 

Paron 0.531 3.078 Failed to Reject H0 

Tretes 0.943 3.078 Failed to Reject H0 

Widodaren 2.251 3.078 Failed to Reject H0 

 

The decision was made by comparing the calculated 𝑨𝟐 coefficients with the critical value. With a significance level 

of α = 2.5% and the number of observations n = 115, the critical value 𝐴20.025 was found to be 3.078. Therefore, it can 

be concluded that the extreme rainfall data at each station follow the GEV distribution. 

 
E. Measurement of Spatial Dependence 

Extreme rainfall is considered spatial data. Therefore, its analysis involves measuring spatial dependence between 

locations. Closer proximity is assumed to result in stronger dependence. Pairwise spatial dependence was measuriner 

using extremal coefficients and the F-madogram, which are presented graphically in Figure 2. 
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Figure 2 Extremal Coefficients and F-Madogram 

 

Figure 2 shows that the values of 𝜃(ℎ) range from 1.4 to 1.8, indicating spatial dependence between rainfall 

observation stations. In addition, 𝑣𝐹(ℎ) values ranging from 0 to 0.14 also indicate spatial dependence between 

location pairs. 

 
F. Transformation to Frechet Distribution 

The MSP analysis was conducted by transforming the data from the GEV distribution to the Frechet distribution. 

This transformation aims to produce heavy-tailed data, where a fatter tail implies a greater likelihood of extreme 

events. The transformation results were calculated univariately for each observation station. 

 
G. Parameter Estimation of SEV Using Extremal-t Process 

Parameter estimation in the extremal-t process was performed using the MPLE method. However, it resulted in an 

equation without a closed form. Therefore, the procedure was continued with the BFGS Quasi-Newton numerical 

iteration. Analysis with the extremal-t process requires correlation functions in the modeling stage, including Whittle-

Matern, Cauchy, powered exponential, and Bessel. The best correlation function was selected based on the smallest 

TIC value, as presented in Table 4. 

 
Table 4 Correlation Function 

Correlation Function TIC 

Whittle-Matern 34569.08 

Powered exponential 34567.52 

Cauchy 34566.10 

Bessel NA 

 

Table 4 shows that the Cauchy correlation function has a smaller TIC value compared to other correlation functions. 

The NA value indicates the TIC could not be calculated. Therefore, parameter estimation in the extremal-t process 

was performed using the Cauchy correlation function. The estimation results are required to construct a combination 

of trend surface models with explanatory variables in the form of longitude and latitude coordinates. The best trend 

surface model was selected based on the smallest TIC value, obtained through the BFGS Quasi-Newton numerical 

iteration, as presented in Table 5. 

 
Table 5 Combination of Trend Surface Model 

No. Model TIC 

1 

𝜇̂(𝑠) = −6.7749 − 0.0116 𝑢(𝑠) − 1.2316 𝑣(𝑠) 

𝜎̂(𝑠) = 8.6467 + 0.0544 𝑢(𝑠) + 1.8204 𝑣(𝑠) 

𝜉(𝑠) = 0.6699 

36740.76 

2 

𝜇̂(𝑠) = − 4.6441 + 0.0519 𝑢(𝑠) 

𝜎̂(𝑠) =  7.9107 + 0.2486 u(𝑠) + 4.5994 𝑣(𝑠) 

𝜉(𝑠) = 0.6586 

37431.24 

3 

𝜇̂(𝑠) = −5.3229 + 0.1803 u(𝑠) 

𝜎̂(𝑠) = 8.289 − 7.423 𝑣(𝑠) 

𝜉(𝑠) = 4.316 

48569.41 

4 

𝜇̂(𝑠) = −2.358 − 9.784 𝑣(𝑠) 

𝜎̂(𝑠) = 7.735 + 3.645 𝑢(𝑠) + 8.637 𝑣(𝑠) 

𝜉(𝑠) = 4.877 

60810.85 
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Several combinations of trend surface models are not shown in Table 5 because their TIC values could not be 

calculated. Based on the analysis, the best trend surface model is the first combination, with a TIC value of 36740.76, 

as follows:  

 
𝜇̂(𝑠) = −6.7749 − 0.0116 𝑢(𝑠) − 1.2316 𝑣(𝑠) 
𝜎̂(𝑠) = 8.6467 + 0.0544 𝑢(𝑠) + 1.8204 𝑣(𝑠) 

𝜉(𝑠) = 0.6699 

 

After selecting the best trend surface model, the parameter estimates 𝜇̂(𝑠), 𝜎̂(𝑠),  and 𝜉(𝑠) for each rainfall 

observation station were calculated. The estimated values were also used to predict events in future periods through 

return level analysis. 

 
Table 6 Parameter Estimation of Extremal-t Process 

Observation Stations 𝜇̂(𝑠)  𝜎̂(𝑠) 𝜉(𝑠) 

Gemarang 1.0470 1.2386 0.6699 

Guyung 1.1813 1.0418 0.6699 

Kedungprahu 1.1089 1.1418 0.6699 

Kendal 1.2497 0.9361 0.6699 

Kricak 1.0448 1.2410 0.6699 

Legundi 1.1235 1.1348 0.6699 

Paron 1.0969 1.1659 0.6699 

Tretes 1.1194 1.1244 0.6699 

Widodaren 1.0346 1.2516 0.6699 

 

Table 6 presents the estimation results of the extremal-t process parameters for the nine rainfall observation stations 

in Ngawi District. The shape parameter 𝜉(𝑠) has a constant value because it is assumed to be isotropic, meaning that 

rainfall characteristics are homogeneous regardless of other factors such as temperature, humidity, wind direction, or 

altitude. 

 
H. Parameter Significancy Test 

The significance test was conducted on the parameters of the best trend surface model. This test requires the variance 

of each estimated parameter, which can be obtained from the standard error. The results of the 𝜷 parameter 

significance test are presented in Table 7. 
Table 7 Wald Test 

Parameter Coefficient Std. Error Wald 𝜒2
0.05;1

 Decision 

𝛽̂0,𝜇 –6.7749 18.73 0.1308 3.841 Failed to Reject H0 

𝛽̂1,𝜇 –0.0116 0.163 0.005 3.841 Failed to Reject H0 

𝛽̂2,𝜇 –1.2316 0.52 5.6095 3.841 Reject H0 

𝛽̂0,𝜎 8.6467 22.47 0.1481 3.841 Failed to Reject H0 

𝛽̂1,𝜎 0.0544 0.2016 0.0728 3.841 Failed to Reject H0 

𝛽̂2,𝜎 1.8204 0.4959 13.475 3.841 Reject H0 

𝛽̂0,𝜉 0.6699 0.0306 480.84 3.841 Reject H0 

 

The decision was made by comparing the calculated Wald coefficient with the critical value 𝜒20.05;1 = 3.841. Based 

on Table 7, with a significance level of α = 5%, the parameters that have a significant partial effect on the trend surface 

model are 𝛽̂2,𝜇, 𝛽̂2,𝜎, and 𝛽̂0,𝜉. Therefore, it can be concluded that each observation station has a different average 

rainfall and variability according to its latitude coordinates, while the tail behavior of the data distribution is the same 

across stations regardless of latitude or longitude. 

 
I. Return Level 

The prediction of extreme rainfall in a certain time period can be calculated through return levels. The calculation 

requires parameter estimation values 𝜇̂(𝑠), 𝜎̂(𝑠),  𝑎𝑛𝑑 𝜉(𝑠) obtained from the trend surface model. This research makes 

predictions for the next 1, 2, 3, and 4 years, where the first year consists of 4 blocks so that the period value T = 4. 

Furthermore, the second to fourth years use T = 8, T = 12, and T = 16, respectively. The probability of the return level 

value obtained is 1/T. The results of the extremal-t process return level calculation are presented in Table 8. 
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Table 8 Return Level 

Observation Stations 1 Year 2 Years 3 Years 4 Years 

Gemarang 89.284 103.576 110.283 114.557 

Guyung 98.854 112.748 119.232 123.322 

Kedungprahu 79.485 92.808 99.115 103.143 

Kendal 94.628 107.105 113.156 117.045 

Kricak 82.860 96.950 103.675 108.001 

Legundi 90.691 107.030 115.130 120.439 

Paron 93.450 109.643 117.510 122.612 

Tretes 87.230 104.257 112.811 118.463 

Widodaren 96.364 113.610 122.352 128.178 

 

The return level values in Table 8 indicate an upward trend in predicted extreme rainfall across periods. The highest 

return level is at Widodaren Station, with a rainfall intensity of 128.178 mm/day, expected to occur between the first 

year to the fourth year. The probability of this event is 𝑝 =
1

𝑇
=

1

16
= 0.0625 = 6.25%. If the return level at Widodaren 

Station is calculated for the next one-year period, a lower return level value of 96.364 mm/day is obtained, with a 25% 

probability of occurrence. Nevertheless, the occurrence of rainfall with an intensity of 128.178 mm/day should still be 

taken into consideration. 

 
J. Model Goodness Measurement 

The goodness of fit of the model was evaluated using the Root Mean Square Error (RMSE), which quantifies the 

deviation between the actual and the predicted values. A smaller RMSE indicates a better model, as it means the 

predictions are closer to the observed data. The RMSE values for extreme rainfall predictions for return periods of 1, 

2, 3, and 4 years are presented as follows. 

 
Table 9 Comparison Between Actual and Predicted Values 

Observation Stations 
2019 2020 

Actual Predicted Actual Predicted 

Gemarang 45 89.284 80 103.576 

Guyung 71 98.854 116 112.748 

Kedungprahu 77 79.485 96 92.808 

Kendal 106 94.628 109 107.105 

Kricak 50 82.860 147 96.950 

Legundi 54 90.691 75 107.030 

Paron 91 93.450 106 109.643 

Tretes 137 87.230 139 104.257 

Widodaren 96 96.364 94 113.610 

RMSE 29.404 25.201 

Observation Stations 
2021 2022 

Actual Predicted Actual Predicted 

Gemarang 87 110.283 63 114.557 

Guyung 111 119.232 81 123.322 

Kedungprahu 103 99.115 115 103.143 

Kendal 106 113.156 89 117.045 

Kricak 94 103.675 155 108.001 

Legundi 100 115.130 150 120.439 

Paron 94 117.510 104 122.612 

Tretes 93 112.811 106 118.463 

Widodaren 86 122.352 88 128.178 

RMSE 19.048 34.278 

 

Based on the model goodness measure shown in Table 9, the smallest RMSE is observed in 2021 for the 3-year 

period, with a value of 19.048, compared to the other three periods. Therefore, it can be concluded that the trend 

surface model generated from max-stable processes with an extremal-t process approach is suitable for use in the next 

3 years, based on the extreme values from the 3-month period. 

V. CONCLUSIONS AND SUGGESTIONS  
The best trend surface model of the extremal-t process identified by the smallest TIC value effectively captures the 

characteristics of extreme rainfall in Ngawi Regency for the period March 1990 to November 2018. The model indicates 

that both the mean and variance of extreme rainfall are influenced by latitude, while the shape parameter remains 

constant under the isotropic assumption, suggesting uniform tail behavior across all observation stations. The return 

level analysis demonstrates that the highest prediction accuracy is achieved for the 3-year return period, making it the 

most reliable forecasting horizon for extreme rainfall in the region. Mapping and parameter estimation results further 
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reveal that several stations, such as Widodaren, exhibit a higher probability of experiencing intense rainfall events, which 

may elevate localized flood risk. This highlights the importance of targeted preparedness and mitigation efforts, 

particularly in areas with higher return level estimates.  

Strategic focus should remain on enhancing water resource management and implementing region-specific flood 

mitigation measures to minimize potential damage and support community resilience. The model has the potential to be 

integrated into regional disaster management systems to improve anticipation of extreme rainfall events. Authorities are 

encouraged to strengthen water infrastructure planning, improve agricultural adaptation practices, and optimize 

rainwater utilization. Periodic updates of the model using newer and more detailed datasets, along with the inclusion of 

relevant environmental covariates, will help maintain its accuracy and operational reliability. 
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